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a c t i o n  between s o i l s  and geometr ica l  models under dynamic and s t a t i c  loading.  
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Language f o r  t h e  CDC 6600 computer. 

compatible wi th  an IBM 7090 computer. 

With minor changes t h e  program would be 

The suppor t  o f  t h i s  work by t h e  Nat iona l  Aeronaut ics  and Space 

Adminis t ra t ion  i s  g r a t e f u l l y  acknowledged. 

Issa Sebe i t an  O w e i s  
W i l l i a m  R. Cox 
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A 3  S TRAC T 

A t h e o r e t i c a l  s tudy  was performed t o  d e f i n e  t h e  response of  a cohesion- 

less sand o f  medium d e n s i t y  t o  d i f f e r e n t  rates o f  loading.  

p r o p e r t i e s  were assumed t o  be represented  by two nonl inear  curves  r e p r e s e n t i n g  

axial  s t r a i n  v s .  t h e  deformation modulus and axial  s t r a i n  vs .  the la te ra l  

s t r a i n  r a t i o .  A t h e o r e t i c a l  a n a l y s i s  w a s  performed t o  suppor t  t h i s  assump- 

t i o n .  The genera l  case  of  f i n i t e  deformation w a s  considered.  

The deformation 

The problem i n v e s t i g a t e d  was t h e  p e n e t r a t i o n  of  a r i g i d  p l a t e  i n t o  a 

v e r t i c a l  s u r f a c e  bounded by a h o r i z o n t a l  su r f ace .  The f o r c e  deformation h i s -  

t o r i e s  under d i f f e r e n t  rates o f  loading  were obta ined ,  as w e l l  as t h e  stress 

d i s t r i b u t i o n  i n  t h e  s o i l  mass. An empi r i ca l  formula,  based on t h e o r e t i c a l  

resul ts ,  was suggested t o  re la te  the  u l t i m a t e  load t o  t h e  rate o f  loading.  

An e l a s t o - p l a s t i c  a n a l y s i s  w a s  a l s o  suggested.  

An i t e r a t i v e  process  us ing  t h e  po in t  r e l a x a t i o n  technique  was 

u t i l i z e d  t o  s o l v e  t h e  non l inea r  equat ions .  

f o r  t h a t  purpose. 

A computer program was w r i t t e n  
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CHAPTER I 

INTRODUCTION 

F l i g h t s  w i th  manned s p a c e c r a f t  i n  t h e  United S t a t e s  have i n  t h e  p a s t  

been terminated on water, a l though c o n s i d e r a t i o n s  have been given t o  r ecove r i e s  

on land. Furthermore,  i t  i s  recognized t h a t  t h e  c r a f t  would most probably 

impact on land r a t h e r  t han  on water i n  t h e  case of an a b o r t  immediately a f t e r  

l i f t - o f f  from t h e  launching pad. It i s  also known t h a t  f l i g h t s  t o  o t h e r  

p l a n e t s  w i l l  experience landings on  s o l i d  o r  semi-sol id  materials. 

and o t h e r  reasons i t  i s  o f  i n t e r e s t  t o  s t u d y  t h e  c h a r a c t e r i s t i c s  o f  dynamic 

impact between s o l i d  bodies  and s o i l s .  

For t h e s e  

It can be expected t h a t  t h e r e  would exist  a l a r g e  range o f  angles  of 

impact o f  t h e  s p a c e c r a f t  with s o i l s  masses. For t h i s  reason i t  i s  o f  i n t e r e s t  

t o  determine impact c h a r a c t e r i s t i c s  f o r  t h e  f u l l  range of impact ang le s  be- 

tween h o r i z o n t a l  and v e r t i c a l .  It i s  t h e  purpose o f  t h i s  s t u d y  t o  i n v e s t i g a t e  

t h e  c h a r a c t e r i s t i c s  o f  h o r i z o n t a l  impact a l though t h e  procedures developed i n  

t h i s  s tudy  could be used t o  ana lyze  v e r t i c a l  as w e l l  as h o r i z o n t a l  impact. 

With minor changes t h e  procedures o f  t he  s o l u t i o n  could be adapted f o r  consi-  

d e r a t i o n s  o f  i n c l i n e d  impacts.  These a d a p t a t i o n s  would invo lve  t h e  r e s o l u t i o n  

o f  body f o r c e s  from t h e  weight o f  t h e  s o i l  i n t o  components p a r a l l e l  and normal 

t o  t h e  d i r e c t i o n  o f  impact. 

Research on  dynamic load ing  on s o i l s  i s  evidenced by many publ ished 

papers  on t h e  i n t e r a c t i o n  between s t r u c t u r a l  foundat ions and s o i l s  when t h e  

s t r u c t u r e  has  been s u b j e c t e d  t o  dynamic load ing  generated by an earthquake 

o r  by a b l a s t .  There i s  a l s o  a v a i l a b l e  i n  t h e  l i t e r a t u r e  c e r t a i n  information 

on t h e  e f f e c t  o f  r epea ted  loadings on s o i l s .  However, i n  t h e  problem of 
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h o r i z o n t a l  impact on s o i l s  which i s  considered h e r e ,  

i n fo rma t ion  i s  p r a c t i c a l l y  nonexis tent .  

I n  most s o i l  mechanics problems d e a l i n g  wi th  

2 

published a n a l y t i c a l  

stress d i s t r i b u t i o n  i n  a 

s o i l  mass, t h e  i n e r t i a  e f f e c t  i n  t h e  s o i l  has  been neglected due t o  t h e  f a c t  

t h a t  such problems d e a l  w i th  s lowly app l i ed  loads ,  o r  t h e  s o - c a l l e d  "s ta t ic"  

loads .  I n  a d d i t i o n  i t  i s  assumed t h a t  displacements  w i t h i n  t h e  mass are small 

and t h e  material may be considered t o  behave e l a s t i c a l l y .  With i n c r e a s i n g  

rates o f  l oad ing  t h e  s t a t i c  s o l u t i o n  w i l l  con t inue  t o  be v a l i d  on ly  i f  d i s -  

placements i n  t h e  s o i l  mass v a r y  l i n e a r l y  wi th  t i m e ,  causing i n e r t i a l  fo rces  

t o  van i sh ,  This  would n o t  be v a l i d  f o r  non l inea r  materials such as s o i l s ,  

I n  some i n v e s t i g a t i o n s  t h e  modulus o f  e l a s t i c i t y  i s  allowed t o  va ry  

wi th  t h e  s t r a i n  l e v e l .  These i n v e s t i g a t i o n s  cons ide r  t h e  gene ra l i zed  Hooke's 

l a w ,  and t h e  s o i l  i s  considered t o  be n o n l i n e a r l y  e l a s t i c  material. 

The f i r s t  o b j e c t i v e  of t h i s  s tudy  o f  load-deformation o f  s o i l s  i s  

t o  cons ide r  t h e  g e n e r a l  case which t akes  i n t o  account i n e r t i a l  e f f e c t s .  The 

second o b j e c t i v e  is  t o  cons ide r  t h e  gene ra l  c a s e  o f  f i n i t e  deformation i n  

c o n t r a s t  t o  t h e  i n f i n i t e s i m a l  deformations.  The t h i r d  o b j e c t i v e  i s  t o  o b t a i n  

a gene ra l i zed  modulus of deformation, 

r a t i o ,  V I ,  both depending on t h e  s t r a i n  l e v e l .  A s t r e s s - s t r a i n  a n a l y s i s  i s  

developed t o  show t h a t  t h e  non l inea r  behavior o f  t h e  material could be inco r -  

po ra t ed  by E '  and V ' .  The f o u r t h  and f i n a l  o b j e c t i v e ,  which i s  a by-product 

o f  t h e  f i r s t  t h r e e ,  is  t o  determine t h e  response o f  t h e  material t o  va ry ing  

rates o f  loading.  

E', and a gene ra l i zed  la te ra l  s t r a i n  

This  s tudy  cons ide r s  p l ane  s t r a i n  only.  All o b j e c t s  p e n e t r a t i n g  t h e  

s o i l  are assumed t o  have i n f i n i t e  dimensions i n  a t h i r d  d i r e c t i o n ,  where 

s t r a i n s  are considered t o  be zero.  The problem might be g e n e r a l i z e d  t o  a 

t h r e e  dimensional case b u t ,  f o r  t h e  method o f  s o l u t i o n  used i n  t h i s  s tudy ,  
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t h i s  g e n e r a l i z a t i o n  would r e q u i r e  l a r g e r  computer s t o r a g e  and excessive 

amounts of computer t i m e .  

A l i s t i n g  of t h e  computer program is  g iven  toge the r  with a flow c h a r t  

and inpu t  guide.  

ou tpu t  i s  not  inc luded .  The s i g n i f i c a n t  r e s u l t s ,  however, are  presented  

through s e v e r a l  t a b l e s  and f i g u r e s .  

Because of t h e  l a r g e  s i z e  of computer o u t p u t ,  a complete 



CHAPTER I1 

STRESS- STRAIN RELATIONS 

I n  t h e  case o f  e l a s t i c ,  homogeneous, and i s o t r o p i c  bodies  and wi th  

small  deformations which s a t i s f y  t h e  assumption o f  t h e  l i n e a r i z e d  Hooke's Law, 

t h e  system of  stresses and s t r a i n s  are completely def ined  by two independent 

e l a s t i c  cons t an t s .  The modulus o f  e l a s t i c i t y  E and Po i s son ' s  r a t i o  v a r e  

g e n e r a l l y  used a s  t h e  c o n s t a n t s ,  toge ther  wi th  o t h e r  condi t ions  t o  i n s u r e  

uniqueness o f  t h e  s o l u t i o n .  

The purpose o f  t h i s  chapter  i s  t o  cons ider  t h e  gene ra l  case o f  stress- 

s t r a i n  r e l a t i o n s h i p ,  which w i l l  l ead  t o  t h e  conclus ion  t h a t  f o r  t h e  system on 

hand, where f i n i t e  deformations are  considered,  stresses and s t r a i n s  could 

a l s o  be def ined  by two func t ions  E '  and v'. E '  and VI are func t ions  

o f  t h e  s t a t e  of  s t r a i n .  The term s t r a i n  a s  used i n  t h i s  t e x t  r e f e r s  t o  change 

i n  s i z e  and shape i n  gene ra l ,  whether recoverable  o r  no t .  It  w i l l  be a l s o  

assumed t h a t  t h e  system has  an i n i t i a l  uns t r e s sed  and uns t r a ined  s ta te  which 

impl ies  t h e  s t a t e  of  stress is  a func t ion  of  t h e  s t a t e  of s t r a i n  only.  The 

assumption o f  i s o t r o p y  s t i l l  holds .  

s i n c e  t h e  n a t u r e  o f  t h e  func t ions  E '  and v f  could be v a r i e d  a t  d i f f e r e n t  

po in t s  i n s i d e  t h e  system us ing  numerical techniques.  Needless t o  say ,  t h e  

cond i t ions  of uniqueness o f  s o l u t i o n  should a l s o  be s a t i s f i e d .  

The system does not  have t o  be homogeneous 

I n  d e r i v i n g  a s t r e s s - s t r a i n  r e l a t i o n ,  i t  can be w r i t t e n  i n  genera l  

t h a t  stress i s  a func t ion  o f  s t r a i n ,  

where 
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0. s t a n d s  f o r  t h e  stress t enso r  and 
i j  

e s t a n d s  f o r  t h e  s t r a i n  t enso r .  i j  

Beginning wi th  Eq 2-1, t h e  r eason ing  suggested by Reiner  (12) w i l l  be  

followed and i t  w i l l  be  noted t h a t  Eq 2-1 invo lves  t h e  second rank stress 

t e n s o r  CT. I f  i t  i s  attempted t o  develop t h e  f u n c t i o n  f ( e .  .), a l l  t h e  

terms on t h e  r i g h t  hand s i d e  o f  Eq 2-1 must be mixed t e n s o r s  of rank 2 mult i -  

p l i e d  by t h e  i n n e r  products  o r  s c a l e r s ,  and t h e  gene ra l  expansion o f  t h e  func- 

t i o n  f ( e .  .) would be,  

i j '  1 J  

1 J  

(2-2) + ............. I n f i n i t e  number of terms. 

Fo, F1, F2 are c o n s t a n t s  o r  f u n c t i o n s  of t h e  s t r a i n  i n v a r i a n t s .  The 

t e r m  S i j  i s  known as Kronecker d e l t a  and i t  has  t h e  fol lowing va lues :  

j = o  i + j  

Making use o f  t h e  Cayley-Hamilton Equation (9), i t  can be shown t h a t :  

e k j  e s k  e i s  = e i j  J3 - ei j  J2 + ekj eik J1 (2-3) 

and t h e r e  f o r e  

where 

J1, J2, and J3 are t h e  f i r s t ,  second and t h i r d  i n v a r i a n t s  o f  

t h e  s t r a i n  t enso r .  
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- 
J1 - 6sk 'ks 

J2 = - 112 esk eks 

S i m i l a r l y  t h e  h i g h e r  o r d e r  terms can b e  expressed i n  terms o f  e i j  

and e so t h a t  
i k  k j 

e 

0. i j  = F  0 6 i j  * F1 'ij * F2 'kj 'ik (2-5) 

F1 and F2 are d i f f e r e n t  from those  i n  Eq 2-2. Fo, F1 and F2 are FO 

e i t h e r  c o n s t a n t s  o r  f u n c t i o n s  of t h e  t h r e e  i n v a r i a n t s  o f  t h e  s t r a i n  t e n s o r .  

I n  t h i s  s t u d y  c o n s i d e r a t i o n  i s  g iven  t o  a c t i v e  load ing  on ly ,  thus t h e  

unloading e f f e c t  may be d i s r ega rded  and Eq 2-5 can be w r i t t e n  as: 

CT. = F  c e i j  1 i j  F2 'kj i k  

U s e  i s  made o f  t h e  r e l a t i o n  

e 
= @ij J3 - 6 i j  J2 + e i j  J1 k j  i k  e (2-7) 

i s  de f ined  as: 
'i j where t h e  t e n s o r  

I t  can be shown f o r  p l a n e  s t r a i n  problems t h a t  

be comes 

J3 van i shes ,  and Eq 2-6 

CT i j  = F  1 e i j  + F2 (e i j  J1 - h i j  J2) e (2-9) 

The stress Q. i s  r e so lved  i n t o  i t s  i s o t r o p i c  and d e v i a t o r i c  
i j  

compo nen t s ; 
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E o = F ' -  ii 
1 3  

where 

0 i s  t h e  i s o t r o p i c  component of  stress 

i s  t h e  d e v i a t o r i c  component of stress, 'i j 

E' i s  t h e  d e v i a t o r i c  component of  s t r a i n  i j  

e 
I ii 
i j  

€ 
= €  i j  - L j  3 

then 

"x = O11 = (Fll + F2 '  

(2- lo)  

o = r 1  I ( F ~  - K ~ )  + ( F ~ '  - K ~ )  J~ 7 e - ( F ~ '  + K ~ )  J~ 
2 I- 



a 

where 

€ ii 
F1 E i j  = F l l -  3 + K1 a i j  

G 
ii 

F2 E i j  = F 2 I -  3 + K2 

Simplifying t h e  n o t a t i o n s ,  Eq 2-10 is w r i t t e n  as: 

(2- 11) 

where 

Equation 2-11 i s  s imilar  t o  t h e  classical  equa t ions  o f  t h e  theory o f  

e l a s t i c i t y  except  t h a t  t h e  c o n s t a n t s  are func t ions  o f  t h e  f i r s t  and second 
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i n v a r i a n t  o f  t h e  s t r a i n  t enso r .  

CY corresponds t o  Lame cons t an t  A, and $ corresponds t o  the shea r  modulus 

G. 

I n  comparison t o  t h e  e l a s t i c i t y  equat ions ,  

I 

Determinat ion o f  E '  and v '  

The understanding o f  deformation p r o p e r t i e s  of s o i l s  i s  of  g r e a t  

importance t o  t h i s  problem. Any r a t i o n a l  s o l u t i o n ,  r e g a r d l e s s  o f  how sophis -  

t i c a t e d  t h a t  s o l u t i o n  might be,  remains as a crude approximation i f  t h e  de fo r -  

mation p r o p e r t i e s  are n o t  w e l l  known. One s t e p  taken i n  t h i s  s tudy  f o r  under- 

s t and ing  real s o i l  behavior  i s  t h e  cons ide ra t ion  o f  f i n i t e  deformation. The 

next  s t e p  w a s  t o  o b t a i n  E '  and V '  as a func t ion  o f  some deformation index. 

S ince  t h e  two func t ions  depend on t h e  i n v a r i a n t s  o f  s t r a i n ,  t hen  the i d e a l  

t h i n g  would be t o  o b t a i n  E '  and v '  a s  func t ions  o f  t h e s e  i n v a r i a n t s .  Such 

p rocess ,  however, i s  hard  t o  achieve  s i n c e  i t  involves  many parameters .  The 

anatomy o f  f i n i t e  deformation has  been desc r ibed  by Reiner  (12) and Novozhilov 

(10). Reiner  ob ta ined  f i v e  parameters  which are cons t an t s  o r  func t ions  of t h e  

i n v a r i a n t s  of  s t r a i n  t enso r .  Novozhilov obta ined  s i x  phys ica l  cons t an t s .  The 

r e l a t i o n s  descr ibed  by Novozhilov take  t h e  fo l lowing  form f o r  a p lane  s t r a i n  

case: 

(2-13) 

E, v ,  Y1' Y2, y3, y4 are s i x  phys ica l  cons t an t s  o f  which t h e  

l as t  f i v e  are dimensionless .  
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= €  + €  J1 x y 

J2 = e e - 1/4 ( e  2, 
X Y  XY 

It can be no t i ced  t h a t  t h e  d e f i n i t i o n  of (5 i n  Eq 2-13 is similar 
X 

to  t h a t  of Eq 2-11 i f  i t  i s  considered t h a t  

and 

(2-14) 

(2-15) 

and 

(2-16) 

The cons t an t s  E and v m u l t i p l i e d  by some f u n c t i o n  o f  J1 and 

J2 as i n  Eqs  2-14 and 2-15 are de f ined  by new func t ions  E '  and v'. The 

func t ions  E'  and V' depend on t h e  s ta te  of deformation and hence on t h e  

i n v a r i a n t s  J1 and J2. There fo re  B and CY a re  de f ined  as: 

= G  E' 
@ = 2(l+v') 

= A  E' v f  
C Y =  (l+v') (1-2v') 

(2-17) 

(2-18) 

The t e r m  J2 i s  a measure of o c t a h e d r a l  shea r  s t r a i n .  This q u a n t i t y  

i s  assumed t o  be s m a l l  enough so  t h a t  3( J i n  Eq 2-11 i s  el iminated.  This 

assumption i s  j u s t i f i e d  f o r  s t r e s s e s  below y i e l d i n g .  

2 
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Equation 2-11 can t h e r e f o r e  b e  w r i t t e n  as 

Q = A e + 2 G e  fa) X X 

(2-19) 

Q = G e  
XY XY 

where h and G are de f ined  as i n  Eqs 2-17 and 2-18. 

R e i n e r ' s  f i v e  parameters o r  Novozhilov's s i x  parameters are  d i f f i c u l t  

E '  t o  o b t a i n  i n  t h e  l a b o r a t o r y .  

and V '  as func t ions  o f  t h e . a x i a 1  s t r a i n  C Many f a c t o r s  a f f e c t  t h e  defor-  

mation behavior  of s o i l .  Among those  many f a c t o r s  are! 

One way t o  approximate r e a l i t y  i s  t o  o b t a i n  

X' 

1. Type o f  s o i l  

2. Moisture  con ten t  

3. Confining p r e s s u r e  

4 .  Densi ty  

5. Rate o f  l oad ing  

6. Type o f  test  

7 .  Grain s i z e .  

Experimental tests r e p o r t e d  by Barkan (2) i n d i c a t e d  t h a t  t h e  modulus 

o f  deformation f o r  sands does not  depend on t h e  moi s tu re  con ten t  o r  g r a i n  s i z e .  

I n  t h i s  s t u d y  t h e  r a t e  o f  l oad ing  may have some e f f e c t  on t h e  deformation func- 

t i o n s  E '  and v '  s i n c e  t h e  t i m e  p e r i o d  du r ing  which t h e  load is' a p p l i e d  varies 

from low t o  h igh  rates of loading.  I n  t h i s  a n a l y s i s  t h e  v a l u e s  used f o r  t h e  

func t ions  E '  and v '  are t h o s e  f o r  low ra te  ( s ta t ic )  load ing  corresponding 

t o  a s t r a i n  r a t e  of 0.625% p e r  minute. The conf in ing  p r e s s u r e  and d e n s i t y  
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I a l s o  have a marked e f f e c t  on E '  and v . Ghazzaly and Dawson (3) obta ined  

E '  and V '  as func t ions  of  axial  s t r a i n  f o r  sands o f  d e n s i t i e s  94 p c f ,  

102 pcf and 108 pcf .  

p re s su res  were used. 

For each o f  t hose  d e n s i t i e s  fou r  states o f  conf in ing  

Since  t h e  above curves were obta ined  f o r  a low s t r a i n  rate, t h e  s t r a i n  

ra te  e f f e c t ,  o r  i n  o t h e r  words, t h e  i n e r t i a  e f f e c t ,  can be  neglec ted  and t h e  

va lues  are  considered t o  correspond t o  t h e  so -ca l l ed  s t a t i c  tes t .  A t r u l y  

s t a t i c  tes t  corresponds t o  zero  ra te  o f  l oad ing  which i s  p r a c t i c a l l y  impossi- 

b l e  t o  o b t a i n ,  and i t  can be concluded t h a t  t h e  i n e r t i a  o f  t h e  specimen exis ts  

i n  any tes t .  For a non l inea r  material such as s o i l  t h e  ra te  o f  loading  i s  

expected t o  have a marked e f f e c t  on t h e  deformation curves which impl ies  t h a t  

f o r  each r a t e  of  l oad ing  analyzed, a d i f f e r e n t  deformation curve has t o  be 

used. Any dynamic t e s t ,  t h a t  i s  f o r  h igh  rates o f  loading ,  should cons ider  

t h e  i n e r t i a  o f  t h e  specimen. I f  t h e  mass of  t he  t es t  appara tus  i s  l a r g e ,  the 

i n e r t i a  o f  t h e  appara tus  should a l s o  be considered.  

A d e t a i l e d  d i s c u s s i o n  o f  t h e  f a c t o r s  which a f f e c t  t h e  func t ion  E' 

and u' are d iscussed  i n  Ref. ( 3 ) .  The main purpose of  t h i s  s e c t i o n  i s  t o  

p o i n t  o u t  t h e  u n c e r t a i n t i e s  i nvo lv ing  t h e s e  two func t ions .  The de termina t ion  

o f  E '  and VI w a s  based e n t i r e l y  OD t h e  work done by Ghazzaly and Dawson 

which i s  desc r ibed  i n  Ref. ( 3 ) .  

The u l t i m a t e  load c a p a c i t y  as used i n  t h i s  a n a l y s i s  r e f e r s  t o  t h e  

s t a t e  o f  deformation a t  which material r e s i s t a n c e  dec reases  o r  ceases t o  

increase w i t h  f u r t h e r  deformation app l i ed  a t  t h e  boundary. 

de te rmine  t h e  u l t i m a t e  r e s i s t a n c e  i s  simply t o  o b t a i n  t h e  r e s i s t a n c e  a t  each 

t i m e  u n t i l  t h e  load  deformation curve becomes f l a t  o r  changes t h e  s i g n  o f  

s lope .  It i s  t h e r e f o r e  assumed that t h e  modulus o f  deformation E '  and t h e  

The process  t o  
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l a t e r a l  s t r a i n  r a t i o  

defo mat ion.  

VI r e p r e s e n t  t h e  material  behavior  a t  any s t a t e  o f  

A s i x t h  o r d e r  polynomial was used t o  d e s c r i b e  t h e  modulus o f  de fo r -  

mation vs. ax ia l  s t r a i n  curve  and a f o u r t h  o r d e r  polynomial w a s  used t Q  

d e s c r i b e  t h e  l a t e ra l  s t r a i n  r a t i o  vs. axial  s t r a i n  curve.  Both curves  

correspond t o  a conf in ing  p r e s s u r e  o f  2.32 p s i .  

are from 0.001 t o  0 . 1  i n / i n .  f o r  a sand wi th  a d e n s i t y  o f  102 pc f .  

curves  are  shown i n  F igs .  2-1 and 2-2. The curves  i n d i c a t e  t h a t  by i n c r e a s e  

i n  deformation t h e  modulus o f  deformation 

l a t e r a l  s t r a i n  r a t i o  VI w i l l  i nc rease .  A l ea s t - squa res  c u r v e - f i t  program 

w a s  used, and t h e r e f o r e ,  f o r  a p a r t i c u l a r  s t r a i n ,  t h e  r e l a t i o n s  t a k e  t h e  

fo l lowing  forms: 

The range o f  s t r a i n s  used 

The 

E '  w i l l  dec rease  whi le  t h e  

€ " + a  e 4  ~ ' = a  + a  e + a  e + a 3  0 1 x  2 x  
2 

4 x  

+ a  e 6 + a 6 e x  6 

5 x  

v l = b  + b  c + b  s 2 + b 3 E x  3 + b 4 e x  4 
0 1 x  2 x  

(2-20) 

(2-21) 

where 

E l  i s  t h e  modulus o f  deformation 

VI l a te ra l  s t r a i n  r a t i o .  

The c o e f f i c i e n t s  o f  t h e  above equat ions  depend on t h e  type  o f  s o i l  

considered.  For t h e  material under s t u d y  t h e  fo l lowing  v a l u e s  were used: 

a = 2.7139 x lo3 = 23,875 x lom2 
0 

= -27.227 x lo4 al 

a = 13.213 x lo6 2 

bl = 46.742 

b2  = -19.77 x lo2 
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F I G .  2-2 
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b3 = 29.88 x lo3 

b4 = -14.841 x lo4 

= -32.679 x lo7 

= 41.633 x lo8 

a3 

a4 

a = -25.851 x lo9 

= 61.38 x lo9 

5 

a6 

The maximum va lue  of  E' could not  b e  more than 2713.9 p s i  and t h e  

minimum v a l u e  of  V '  could no t  be less than  0.23875 o r  more than  0.5.  

S t r a ins*  

The s t r a i n s  e e e are def ined  as fol lows:  x' y )  xy 

e X = u X - 1 / 2  ( U P  + vx2) (4 

(b) 
2 2 e = v - 1 /2  (vy + uy ) 

Y Y  

e = (Uy  + vx) - (uy ux + v v ) (c) 
XY Y X  

(2-22) 

where u and v are t h e  displacements  i n  t h e  x and y d i r e c t i o n s .  The 

above d e f i n i t i o n s  a r i se  from t h e  a c t u a l  s t a t e  of  deformation i n  a p lane  s t r a i n  

case. 

Equ i 1 i b  r i urn 

I n  t h e  problem under cons ide ra t ion  t h e  displacements  are s p e c i f i e d  a t  

t h e  boundary a t  any i n s t a n t  o f  t i m e ;  t h e r e f o r e  f o r  a unique s o l u t i o n  the  condi- 

t i o n s  of  equ i l ib r ium have to be s a t i s f i e d ,  namely 

CT + Q  = p ;  
xx,x xy,y + Fx 

*Def in i t i ons  are der ived  i n  Appendix A. 
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o r  

a { ( h +  2G) [ u - 1 / 2  (Ux 2 ] X 
X 

a 

+ h [  v - 1 / 2 1 :  (vy 2 + u t ,  3 )  
Y 

+ G a  a [ ( u y + v x ) - u  Y X  u - v  Y X  v ] = p g - F  X 

Y 

and 

a { ( A +  2G) [: vy - 1 / 2  (vy 2 + u t )  ] 
a 

Y 

+ A [  u X - 1 / 2  (u; + V Z )  3) 

Carrying o u t  t h e  d i f f e r e n t i a t i o n  of t h e  above two equat ions ,  they can  

be  w r i t t e n  as,  

( h +  2G) [ u (1 - ux) - v v ] +  ( L + G )  [ v  (1 - vy) 
x xx XY xx 

= p 6 - F (2-23a) YY vx 1 X 
- u u ] +  G [  uyy (1 - ux) - v 

Y XY 

( A +  2G) [ vyy (1 - vy) - u u ] +  ( h +  G) [ u (1 - ux) 
Y YY XY 

.. 
- v  v ] + G [ v  ( l - v y ) - u  u 1 = p v - F (2-23b) 

xx Y Y x XY xx 
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Equations 2-23, a and b should be s a t i s f i e d  a t  each p o i n t  i n s i d e  t h e  

r eg ion ,  sub jec t ed  t o  c e r t a i n  boundary cond i t ions .  I n  t h e  cqse o f  i n f i n i t e s i m a l  

deformation t h e  s t r a i n  products  i n  Eq 2-23 would van i sh ,  The r e s u l t i n g  equa- 

t i o n s  would b e  l i n e a r .  The form o f  such equa t ions  i s  de r ived  i n  Appendix B. ,  



CHAPTER I11 

BOUNDARY CONDITIONS FOR TYPICAL PROBLEMS 

It has  been s t a t e d  t h a t  t h e  purpose o f  t h i s  s tudy  i s  t o  o b t a i n  t h e  

displacement  and stress d i s t r i b u t i o n  i n  a s o i l  mass due t o  t h e  p e n e t r a t i o n  o f  

a r i g i d  body a t  t h e  con tac t  su r f ace .  

long i n  t h e  Z d i r e c t i o n .  No displacements  are allowed i n  t h e  Z d i r e c t i o n  

and a l l  t h e  problems t o  be  so lved  are o f  t h e  p l a n e - s t r a i n  type  o f  problem. 

The p e n e t r a t i n g  body could be a p l a t e ,  wedge o r  a cy l inde r .  

The body i s  assumed t o  be i n f i n i t e l y  

F igures  3-1 through 3-6 i l l u s t r a t e  s i x  d i f f e r e n t  problems. A p l a t e  

i s  used t o  r e p r e s e n t  t h e  r i g i d  body i n  t h e s e  f i g u r e s .  The p l a t e  i s  assumed 

ve ry  t h i n  and i n f i n i t e l y  r i g i d .  I n  a l l  t h e s e  problems t h e  con tac t  s u r f a c e  

i s  S. The bear ing  l eng th  L o f  t h e  con tac t  s u r f a c e  i s  cons t an t  f o r  t h e  

case of  t h e  p l a t e .  The bea r ing  l eng th  L changes a t  each s t a g e  of deforma- 

t i o n  i n  t h e  case  of  a wedge o r  a cy l inde r  as i l l u s t r a t e d  i n  F igs .  3-7 and 3-8. 

I n  a l l  t h e  problems, i t  i s  r equ i r ed  t o  o b t a i n  t h e  displacement  and stress 

d i s t r i b u t i o n  throughout t h e  r eg ion  R, The sense  o f  t h e  coord ina te  system 

depends upon whether t h e  r i g i d  body i s  p e n e t r a t i n g  a v e r t i c a l  o r  a h o r i z o n t a l  

s u r  f ace .  

Problem 1, P e n e t r a t i o n  of  a r i g i d  p la te  i n t o  a ver t ica l  su r face ,  

bounded by a h o r i z o n t a l  s u r f a c e  a t  t h e  edge o f  t h e  p l a t e ,  Fig.  3.1. 

The boundary cond i t ions  are: 

Boundary Condit ions 

u = f (Y, t) 

v = f (Y, t) 

u = O a n d v = O  

u = O a n d v = O  

L o c a t i o w  

x = o  Y s L  

x = o  Y s L  

x = 2L 

y = 2L 

19 
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FIG. 3-1 I PROBLEM 1 

X 
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Boundary Conditions 

0 = f (x ,  t) 
Y 
u = o  

X 

Locat ions 

y = o  

x = o  Y > L  

The l e n g t h  2L could b e  inc reased  and t h i s  g ives  more a c c u r a t e  

r e s u l t s ,  Such i n c r e a s e  would have l i t t l e  e f f e c t  on t h e  s o l u t i o n  f o r  p o i n t s  

c l o s e  t o  t h e  c o n t a c t  s u r f a c e  S. The l i t t l e  i n c r e a s e  i n  accuracy would be 

a t  t h e  expense of computer t i m e .  

Problem 2.  P e n e t r a t i o n  o f  a r i g i d  p la te  i n t o  a h o r i z o n t a l  s u r f a c e ,  

bounded by a v e r t i c a l  s u r f a c e  a t  t h e  edge o f  t h e  p l a t e ,  Fig.  3-2. 

The coord ina te s  i n  problem 1 are turned 90 degrees  clockwise,  which 

means t h a t  t h e  v e r t i c a l  s u r f a c e  i n  problem 1 becomes a h o r i z o n t a l  s u r f a c e  i n  

problem 2. I n  t h e  a c t u a l  s o l u t i o n  the  on ly  d i f f e r e n c e  i s  t h e  d i r e c t i o n  of t h e  

body fo rce .  F ( E q  2-2313) i n  problem 1 i s  i n  t h e  y d i r e c t i o n ,  and s t a y s  as 
Y 

F i n  Eq 2-23b. I n  problem 2 t h e  body f o r c e  F becomes F and s t a y s  

i n  E q  2-23a. 

Boundary Conditions 

Y Y X 

u = f (Y, t )  

u = 0 and v = 0 

u = 0 and v = 0 

0 = f (x,  t) 

u = o  x = o  
Y '  

X 

Lo cat  i o  ng 

x = o  Y $ L  

x = 2L 

y = 2L 

y = o  

FX 

Problem 3. g e n e t r a t i o n  o f  a r i g i d  p l a t e  i n t o  an i n f i n i t e l y  long ver t i -  

cal  s u r f a c e ,  normal t o  t h e  d i r e c t i o n  o f  loading. Displacements assumed t o  

van i sh  a t  f i n i t e  d i s t a n c e s  from both edges o f  t h e  p la tes ,  Fig.  3-3. 

The boundary cond i t ions  t a k e  the  form: 
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FIG.  3 - 3  
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PROBLEM 3 
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Boundary Condit ions 

u = 0 and v = 0 

Lo ca t i o  ns 

y = o  

u = 0 and v = 0 x = 2L 

u = 0 and v = 0 y = 3L 

u = f (y ,  t) and v = f (y ,  t) x = o  L S y S 2 L  

ax = 0 x = o  L = - y > 2 L  

Problem 4 .  P e n e t r a t i o n  o f  a r i g i d  p l a t e  i n t o  an i n f i n i t e l y  long 

h o r i z o n t a l  s u r f a c e ,  normal t o  t h e  d i r e c t i o n  o f  loading,  Displacements 

assumed t o  van i sh  a t  f i n i t e  d i s t a n c e s  from both edges o f  t h e  plate ,  Fig.  3-4. 

Problem 4 i s  t h e  same as problem 3, except  t h a t  t h e  coord ina tes  and 

t h e  body f o r c e  are turned  90 degrees  c lockwise.  

Boundary Condit ions 

u = 0 and v = 0 

u = 0 and v = 0 

Locat ions 

y = o  

x = 2L 

u = 0 and v = 0 y = 3L 

u = f (y, t )  and v = f (y ,  t) x = o  L S y S 2 L  

Q = o  x = o  L > y  > 2 L  
X 

Problem 5. P e n e t r a t i o n  o f  a r i g i d  p la te  i n t o  a ve r t i ca l  su r face ,  

bounded by a h o r i z o n t a l  s u r f a c e  a t  a d i s t a n c e  

F ig ,  3 - 5 .  

Boundary Condit ions 

u = f (y ,  t) and v = f (y,  t) 

u = 0 and v = 0 

L '  from t h e  edge o f  t h e  plate,  

u = 0 and v = 0 

Q = f (Y, t) Y 

ax = 0 

Q = o  
X 

Lo c a t  i ons  

x = o  L I  y 5 L + L '  

y = 2L + L '  

x = 2L 

x = o  

x = o  

y = o  

y L '  

y > L + L '  
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Problem 6 .  P e n e t r a t i o n  of a r i g i d  plate  i n t o  a h o r i z o n t a l  s u r f a c e ,  

bounded by a v e r t i c a l  s u r f a c e  a t  a d i s t a n c e  

Fig .  3-6 .  

L' from t h e  edge of t he  plate ,  

Compared t o  problem 5, t he  coord ina te s  and t h e  c f i r ec t ion  of body 

f o r c e  are turned 90 degrees  clockwise. 

Boundary Conditions Lo cat i o n s  

u = f (y, t) and v = f (y, t) x = o  LI y L + L' 
u = O a n d v = O  y = 2L 4- L' 

u = O a n d v = O  x = 2L 

u = o  

0 = o  
X 

X 

x = o  y -c LI 

x = o  y > L + L '  

0 = f (x, t) y = o  
Y 
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X 

FIG. 3-6  

PROBLEM 6 
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t =  

t =  

F I G .  3-7 

PEIETRATION 
O F  A WEDGE 

/CONTACT SURFACE 

F I G .  3-8 

PENETRATION 
O F  A CYLINDER 



CHAPTER I V  

METHOD OF SOLUTION 

This  chap te r  i s  concerned w i t h  t h e  s o l u t i o n  o f  problems o u t l i n e d  i n  

Chapter 111. The s o l u t i o n  u s e s  a numerical  procedure based on f i n i t e  d i f f e r -  

ence approximations.  

Equations 2-23 are the equ i l ib r ium equat ions  w r i t t e n  i n  terms of  

displacements;  t h e  h o r i z o n t a l  displacement ,  u and t h e  v e r t i c a l  d i sp l ace -  

ment v. The method involves  t h r e e  b a s i c  s t e p s .  

1. The r eg ion  R ,  i n d i c a t e d  i n  Figs .  3-1  through 3-6, i s  covered 

with a mesh. Square o r  r ec t angu la r  meshes can be used, t h e  s i z e  of  t h e  mesh 

i s  p resc r ibed  by a h o r i z o n t a l  increment length  HX, and a v e r t i c a l  increment 

l eng th  HY. For square  meshes HX and HY w i l l  be i d e n t i c a l .  The smal le r  

t h e  increment length  HX and/or HY, t h e  more accu ra t e  i s  t h e  so lu t ion .  The 

s o l u t i o n  of  d i f f e r e n t i a l  equat ions  i n  a f i n i t e  d i f f e r e n c e  form w i l l  approach 

t h e  exac t  s o l u t i o n  o f  t h e  o r i g i n a l  d i f f e r e n t i a l  equat ions  when HX and HY 

approach zero.  

Displacements on t h e  boundary i n  con tac t  wi th  t h e  p e n e t r a t i n g  o b j e c t  

a r e  s p e c i f i e d  a t  c e r t a i n  i n t e r v a l s  of  t i m e .  The i n t e r v a l s  of  t i m e  are speci- 

f i e d  by HT i n  seconds. I n  t h i s  a n a l y s i s ,  displacements  on t h e  boundary are 

given as an inc reas ing  func t ion  of  t i m e ,  and a t  each i n s t a n t  o f  t i m e ,  d i sp l ace -  

ments i n  the  r eg ion  R are obta ined .  The system can be viewed as t h r e e  dimen- 

s i q n a l  i n  x, y and t coord ina tes  where t s t ands  f o r  t i m e ,  and t h e  system 

s tar ts  wi th  zero t i m e .  

po in t  0 i n  t h e  mesh i s  p resc r ibed  by t h e  s u b s c r i p t s  i, j and k, where 

i i s  t h e  column number, j i s  t h e  row number and k i s  t h e  t i m e  number. 

Two f i c t i t i o u s  t i m e  numbers; k = 1 and 2 are used t o  d e f i n e  t h e  i n e r t i a  

I n  t h e  numerical  s o l u t i o n  t h e  p o s i t i o n  o f  a nodal 

29 
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f o r c e  a t  t h e  s ta r t  o f  deformation, t h e r e f o r e  f o r  k = 3 ,  t h e  e x i s t i n g  s ta te  o f  

deformation corresponds t o  t i m e  HT. For k = 4 t h e  deformation corresponds 

t o  t h e  t i m e  2 HT; s i m i l a r l y  f o r  k = 10, t h e  t i m e  e l apsed  w i l l  be 8 HT, o r  

i n  g e n e r a l ,  t = (k-2) HT. The i n t e r s e c t i o n  o f  a p a r t i c u l a r  row and column 

d e f i n e s  t h e  material  p o s i t i o n  o f  t h e  nodal p o i n t  0. By material p o s i t i o n ,  

i t  i s  meant t h e  X and Y coord ina te s  of t h e  nodal p o i n t  0. Row and column 

numbers s t a r t  wi th  1 and t h e r e f o r e  f o r  a nodal p o i n t  0 ,  

X = (i-1) HX ( 4 - 1 )  

The a n a l y s i s  can be used t o  s tudy  i n f l u e n c e  o f  a r i g i d  i n c l u s i o n  i n  

t h e  r eg ion  R. I n  t h i s  case, a s p e c i f i e d  number o f  ad jacen t  nodal p o i n t s  

should be prevented from moving. Such nodal p o i n t s  can be s p e c i f i e d  anywhere 

i n  t h e  r eg ion  R. 

2. Equations 2-23a and b a r e  w r i t t e n  i n  a f i n i t e  d i f f e r e n c e  analogue. 

These equat ions are non l inea r  d i f f e r e n c e  equat ions.  F igu re  4-1 shows a 

t y p i c a l  nodal p o i n t  t oge the r  w i th  t h e  ad jacen t  nodal p o i n t s .  I f  the  material 

p o s i t i o n  o f  p o i n t  0 i s  i, j and the t i m e  p o s i t i o n  is  k, t hen  t h e  pos i -  

t i o n  of t h e  neighboring p o i n t s  a re  as shown i n  Fig.  4-1. Considering t h e  

convention as given i n  Fig.  4-1, t h e  elements o f  Equations 2-23 can be w r i t t e n  

i n  f i n i t e  d i f f e r e n c e  form, as: 

i - lq;- l ,k i, j-i,k it lqj-i ,k 

i - I, jq k ~1 it1,j.k 

i - l , ] t l ,k  i+l, ) + I $  
i, j t l , k  

FIG. 4-1 

FINITE DIFFERENCE CONVENTION 
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A = u  = - 2u + u  ) / H;l(z xx (ui+l, j , k  i, j , k  i-1, j , k  

X (ui+l, j , k  i-1, j , k  

X (vi+l, j , k  i-1, j , k  

xx ( v i - l y  j , k  i, j , k  i+l, j , k  

B = u  = - u  ) / 2 HX. 

c = v  = -V ) / 2 H X  

D = v  = - 2v + V  ) / HX2 

F = v = (vi -V / 2 H Y  Y , j + l , k  i, j -1 ,k  

*Y (ui+l, j + l , k  i-1, j+ l ,k)  + ui-ly j -1 ,k  L = u  = - U  

- u  ) / 4 HX HY i+l, j -1 ,k  

M = u  = - 2u + u  ) / HY” YY (ui, j - 1 , k  i, j , k  i, j + l , k  

N = v = (vi - 2v i, j , k  + V  i, j-tl,k 1 m2 YY , j - L k  

PH = = (u  - 2u + u  / H T ~  

+ vi k) / HT” PS = ; = (v 

i ,  j ,k-2 i, j , k - l  i, j , k  

i y j y k - 2  - 2 v i , j , k - l  , j ,  

Q = v  = - v  + V  XY (vi+l, j + l , k  i-1, j+ l ,k  i-1, j -1 ,k  

- v  ) / 4 HX HY i+l, j -1 ,k  

R = u  - - u  / 2 H Y  Y - ( U i , j + l , k  i , j - l , k  

F = 0 i f  t h e  con tac t  s u r f a c e  i s  v e r t i c a l  
X 

Fx = Y, = u n i t  weight ( lb /cu .  i n . )  i f  t h e  con tac t  s u r f a c e  i s  

ho r i zon ta l .  

F = ys = u n i t  weight ( lb / cu .  i n . )  i f  t h e  con tac t  s u r f a c e  is 
Y 

v e r t i c a l  
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F = 0 i f  t h e  con tac t  s u r f a c e  i s  h o r i z o n t a l  
Y 

p = mass d e n s i t y  ( l b  sec2/ in4  

PH and PS m u l t i p l i e d  by p gives  the i n e r t i a  fo rces .  PH and PS 

a r e  w r i t t e n  i n  backward d i f f e r e n c e  form s i n c e  t h e  va lues  o f  displacements  a t  

k+l are n o t  known. 

The f i n i t e  d i f f e r e n c e  v e r s i o n s  shown above are used throughout t h e  

r eg ion  except where ab rup t  changes i n  displacement  a re  a n t i c i p a t e d  o r  where 

t h e r e  i s  no nodal  p o i n t  ad jacen t  t o  t h e  p o i n t  considered.  I n  such cases, 

s imple d i f f e r e n c e s  are w r i t t e n  i n  terms o f  p o i n t s  which are on ly  one material 

increment l eng th  a p a r t .  Taking f o r  example problem 1 i n  Chapter 111, f o r  a l l  

nodal p o i n t s  which are  loca ted  a t  one v e r t i c a l  increment l eng th  below t h e  

l i n e  S as shown on Fig.3-1, a forward d i f f e r e n c e  fQrm i s  used, then  R ,  1’ 

L and M t ake  t h e  forms 

= ( U i , j + l , k  - u  i , j , k  ) / HY 

- 2u + u  ) / HY2 i, j+2,k i, j + l , k  i, j , k  

It, = (u i+ l ,  j + l , k  i+l, j+ l ,k  k-1, j , k  

M = (u 

- u  + U  

- ‘Ui+ l , j , k  ) / 2HX HY 

For nodal p o i n t s  on S1, a backward d i f f e r e n c e  i s  used, t hen  R ,  L 

and M t a k e  t h e  form 

- u  ) / HY (ui, j , k  i, j -1 ,k  R =  

= ( U i , j - 2 , k  - 2u i, j - l , k  + u  i, j , k  / HY’ 

- u  - u  ) / 2 HX HY (ui+l, j , k  i-1, j , k  + ui-l, j-1,k i-1, j , k  L =  
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For the  s i x  problems considered i n  Figs .  3-1 through 3-6, nodal 

p o i n t s  w i th  an  open c i rc le  are those  where backward d i f f e r e n c e s  i s  used, those 

with a dark c i r c l e  are those where forward d i f f e r e n c e  is  used. Such modifica- 

t i o n s  a r e  only f o r  R,  L and M. For a l l  o t h e r  p o i n t s  c e n t r a l  d i f f e r e n c e s  

are  used. 

Having w r i t t e n  t h e  elements of Eqs 2-23 i n  f i n i t e  d i f f e r e n c e  form, 

then Eqs 2-23 can be w r i t t e n  i n  t h e  form: 

7 (A + 2G) (A [ (I - B) - C D J i- ( A +  G) [ Q (1 - F) 

I - R L :+ G [ M ( 1  - B) - N C , - PH (p) 

+ F = REX (4- la)  
X i, j ,k 

( A +  2G) ( N  (1  - F) - R M + (A+ G) ( L  (1 - B) - c Q ; 

- = 0 i f  equ i l ib r ium i s  s a t i s f i e d  - REXi, j , k  REY 
i, j ,k  

 REX^ 1 > 0 i f  equ i l ib r ium i s  not  s a t i s f i e d  
, j , k  

1 REY 1 > 0 i f  equ i l ib r ium i s  not  s a t i s f i e d .  
, j , k  

The non l inea r  Eqs 4 - l a  and b have t o  be s a t i s f i e d  a t  each node. The 

deformation parameters are func t ions  of t h e  s t a t e  o f  deformation and w r i t t e n  i n  

terms of t h e  deformation modulus E ' ;  and l a t e ra l  s t r a i n  r a t i o  v ' .  

3 .  Equations 4 - l a  and b have t o  be solved numerically.  The p o i n t  r e l ax -  

a t i o n  technique toge the r  w i th  t h e  two-variable technique a r e ' u s e d  i n  t h i s  s tudy.  

Such techniques have been desc r ibed  by Allen (l), and a p p l i e d  t o  t h e  s o l u t i o n  

of systems r e s u l t i n g  i n  simultaneous l i n e a r  equat ions.  The mesh which covers 
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t h e  r eg ion  R i s  a r e l a x a t i o n  n e t .  A t  each node two v a r i a b l e s  have t o  be 

found, u and v; t h e r e f o r e  two r e s i d u a l s  are de f ined  a t  each node; REX and 

REY. The o b j e c t  i s  t o  reduce t h e s e  r e s i d u a l s .  Two b a s i c  o p e r a t i o n s  are per- 

formed a t  each node which invo lve  t h e  a d d i t i o n ,  s e p a r a t e l y ,  of u n i t  increments. 

Each o p e r a t i o n  gives  a r e l a x a t i o n  p a t t e r n .  

t o  t h e  r e s i d u a l  REX and t h e  o t h e r  shows t h e  changes which a f f e c t  t h e  v a l u e  o f  

REY. The r e l a x a t i o n  p a t t e r n s  can be deduced from Eqs 4-1. A t  a t y p i c a l  node 

One p a t t e r n  shows t h e  changes made 

0 w e  apply a u n i t  increment,  AU = 1, t o  u. The same increment i s  app l i ed  

t o  t h e  neighboring nodes, and i n  t h e  meantime i t  is  assumed t h a t  no changes a r e  

a f f e c t i n g  v. For t h e  t y p i c a l  node 0,  Fig.  4-1, a u n i t  increment o f  AU = 1 

a t  t h e  i , j , k ,  w i l l  produce a change i n  REXi equal  t o  : 
, j , k  

The change i n  REX a t  i , j , k  due t o  increment Au = 1 a t  i , j - 1 , k  i s  

equal t o  

G 
HY2 

- -  - (4- 3 )  

The change i n  REXi caused by u n i t  increment a t  i, j+l, k i s  
, j , k  

equal t o  
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The change i n  REX. due t o  AU = 1 a t  i + l , j , k  i s  equal  t o  
l J y k  

( h +  2G) 

+ ( A  + G) (0) + G (0) 

(4- 5) 

The change i n  r e s i d u a l  produced a t  i , j , k  due t o  Au = 1 a t  

i - l , j , k  i s  equal  t o  

den0 t i n g  

h +  2G as VDR 

h +  G as VSR 

G as SHM 

P as RHO 

then Eqs 4-2 through 4-6 g i v e  t h e  r e l a x a t i o n  p a t t e r n  shown i n  F ig .  4-2. 

Equations 4-2 through 4-6 are deduced from Eq 4 - l a .  

For t h e  REY r e s i d u a l s  another  r e l a x a t i o n  p a t t e r n  i s  deduced from 

Eq 4-lb and shown i n  Fig.  4-3. 

The a i m  o f  t h i s  r e l a x a t i o n  procedure i s  t o  reduce t h e  va lues  o f  a l l  

r e s i d u a l s  t o  ze ro ,  increments AU and Av are a p p l i e d  a t  each node i n  o r d e r  

to  l i q u i d a t e  t h e  corresponding r e s i d u a l s  a t  i , j , k .  

s tudy  involves  an i t e r a t i o n  process  which involves  t h e  following: 

The technique used i n  t h i s  

1. Choose i n i t i a l  va lues  of u and v a t  each node i n  t h e  r e l a x a t i o n  

n e t .  Zero va lues  are  i n i t i a t e d  i n  t h i s  a n a l y s i s .  

2. Compute t h e  r e s i d u a l s  REX and REY according to  Eq 4- la  and b. 
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F I G .  4-2 

RELAXATION PATTERN 

LIQUIDATION OF REX RESIDUALS 
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FIG. 4-3 

RELAXATION PATTERN 

LIQUIDATION OF REY RESIDUALS 
. -  
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3 .  Begin t o  l i q u i d a t e  t h e  REX r e s i d u a l s .  Using t h e  r e l a x a t i o n  

p a t t e r n  shown i n  Fig.  4-2, t h i s  i s  done by t h e  a p p l i c a t i o n  o f  increments Au. 

VDR SHM RHO 
A t  a p a r t i c u l a r  node, AU w i l l  be equal  t o  - REX / - 2 ( i- ~ ; r ”  ) - F a ]  

Complete l i q u i d a t i o n  i s  not  necessary  a t  t h i s  p o i n t .  A r educ t ion  down t o  10 

percent  of t h e  o r i g i n a l  va lues  i s  s u f f i c i e n t .  No r e s i d u a l s  are c a r r i e d  t o  

t h e  boundary nodes. 

4. C a l c u l a t e  t h e  r e s i d u a l s  REX and REY aga in ,  u s ing  t h e  new va lues  

of u a t  t h e  end o f  Stage  3 .  

5. L iqu ida te  t h e  r e s i d u a l s  REY p a r t i a l l y ,  u s ing  the r e l a x a t i o n  

p a t t e r n  shown i n  Fig.  4-3. A t  a p a r t i c u l a r  node, Av w i l l  be equal  t o  

VDR SHM RHO - REY / [ - 2 (3 +=) - 3 1 .  
6 .  Recalcu la te  t h e  r e s i d u a l s  REX and REY us ing  t h e  va lues  o f  v 

a t  t h e  end of  S tage  5,  which inco rpora t e s  a l l  t h e  changes made. 

7.  Continue l i q u i d a t i o n  o f  REX r e s i d u a l s  as descr ibed  i n  S tage  3 .  

8. Reca lcu la t e  t h e  REY r e s i d u a l s  and REX r e s i d u a l s .  

9 .  Continue l i q u i d a t i o n  of  REY r e s i d u a l s  as descr ibed  i n  S tage  5. 

S tages  6 t o  9 are  r epea ted  u n t i l  a l l  r e s i d u a l s  a r e  reduced t o  a c e r t a i n  

s p e c i f i e d  to le rance .  Hence, t h e  smaller t h e  t o l e r a n c e  t h e  l a r g e r  i s  t h e  t i m e  

r equ i r ed  t o  o b t a i n  a s o l u t i o n ,  

It i s  important  t h a t  t h e  r e l a x a t i o n  p a t t e r n s  be used wi th  cons is tency .  

That i s ,  t h e  same r e l a x a t i o n  p a t t e r n  should be used a t  each node. I n  Appen- 

d i x  B,  t h e  procedure i s  shown t o  be convergent.  

Equation 4-1 i s  v a l i d  a t  each node i n s i d e  t h e  r eg ion  R. For nodes 

which are loca ted  a t  one increment l eng th  from those  boundaries  where stresses 

are  s p e c i f i e d ,  Eq 4-1 is  modified.  The t e r m s  CJ and a i n  Eq 2-23 
xx,x Y Y , Y  
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are  w r i t t e n  i n  d i f f e r e n t  form t o  inc lude  t h e  s t a t e  of  stress a t  t h e  boundary; 

t h i s  i s  done as follows; 

i - l , j , k  X i, j , k  X 
- - 

HX (5 xx, x 

1 (F2 + R2 ) - 0 
X i-1, j , k  

(5 a t  t h e  boundary f o r  a l l  problems i s  ze ro  and t h e r e f o r e :  
X 

and s i m i l a r l y ;  

\ 

0- - - [ VDR ( F - 1/2 (F2 + R2) ) + h \ B - 1 / 2  (B2 -I- C2) 
Y Y , Y  HY 

- D  

' i , j - l , k  -' 

Therefore  t h e  equat ions of  equi l ibr ium a t  t h e  nodal p o i n t s  a t  one inc re -  

ment l eng th  from t h e  s u r f a c e s  where stress is s p e c i f i e d  are: 

a. For nodes ad jacen t  t o  where d i s  s p e c i f i e d :  
Y 

.,\ ( A +  2G) ( A  (1 - B) - C D ) + ( A +  G) Q (1 - F) 

- R L  j + G  ( M  (1- B) - N C  ,I 

- PH (p) + Fx = REXi, j ,k  (4-7a) 
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(B2 + C2) ) - cs ] + G  1 . L  (1 - B) 
'i, j , k  

b. For nodes a d j a c e n t  t o  where CT i s  s p e c i f i e d  as zero,  
X 

r 
(1/HX) ( h +  2G) (B - 1/2 (B2 + C2) ) + h (F - 1 / 2  

L- 

r 
(F2 + R2) + G M (1 - B) - L G + Q (1 - F) 

# L 

n 

(4-8a) I - N C - p (PH) + Fx = REXi 
_1 , j , k  

1 1 r 
( h + 2 G ) i N ( l - F ) - R M  J + ( h + G ) [ L ( l - B ) - C Q  .- 

+ G [ D ( l - F )  - R A ; - P S  ( p ) + F y = R E Y i  (4-8b) 
2 , j , k  

I n  t h e  previous d i scuss ion ,  Eq 2-19 w a s  employed as r e l a t i n g  stress 

and s t r a i n  a t  a p o i n t  i n s i d e  t h e  media. The r e l a t i o n s  expressed i n  Eq 2-19 

were assumed t o  be v a l i d  a t  any l e v e l  o f  s t r a i n .  T h i s ,  however, i s  n o t  s t r i c t l y  

t r u e  un le s s  the material i s  below y i e l d i n g  ( t h e  s o - c a l l e d  p l a s t i c  c a s e ) .  For 

t h e  a n a l y s i s  of t h e  stress s t r a i n  r e l a t i o n s  a f t e r  y i e l d ,  and f o r  a proposed 

e l a s  t o -p l a s  t i c  a n a l y s i s ,  t h e  r e a d e r  i s  r e f e r r e d  t o  Appendix C .  



CHAPTER V 

RESULTS AND DISCUSSION 

Geometry o f  t h e  Problem 

The geometry o f  t h e  problem which has  been s e l e c t e d  f o r  d e t a i l e d  

s t u d i e s  i s  similar t o  t h a t  o f  Problem 1, Chapter 111. It is  t h e  problem of 

a r i g i d  p l a t e  p e n e t r a t i n g  a v e r t i c a l  s u r f a c e  bounded by a h o r i z o n t a l  s u r f a c e  

which i s  f r e e  o f  stresses. F igu re  5-1 shows t h e  r e l a x a t i o n  n e t  cons idered  

wi th  t h e  fo l lowing  

FIG. 5-1 

v PENETRATION OF R I G I D  PLATE INTO VERTICAL SURFACE 
BOUNDED BY A HORIZONTAL SURFACE AT THE EDGE OF PLATE 

I 

41 
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Boundary Condit ions 

u = f ( Y ,  t) 

v = o  

u = 0 and v = 0 

u = 0 and v = 0 

a = O  

CT = o  

Width of  p l a t e  = 12" 

X 

Y 

Locat ion 

x = o  y I; 18" 

x = o  y I; 18" 

x = 54" 

y = 36" 

x = o  y > 18" 

y = o  

The func t ion  f (y ,  t) i s  def ined  by t h e  r a t e  o f  loading.  The 

movement o f  t h e  p l a t e  i s  a r i g i d  movement, t h a t  i s ,  a l l  nodes which l i e  o n  

t h e  boundary x = 0 ,  y 15 18'' move t h e  same amount a t  a p a r t i c u l a r  i n s t a n t  

of  t i m e .  For t h i s  p a r t i c u l a r  problem, t h e  func t ion  f (y ,  t )  i s  a c t u a l l y  B 

func t ion  of  t i m e  on ly  o r  f ( t )  and 

u = RT 
0 (5-1) 

where 

u i s  t h e  movement of t h e  p l a t e  
0 

R i s  t h e  r a t e  of loading  

T time e lapsed  s i n c e  t h e  s t a r t  o f  p e n e t r a t i o n  a t  T = 0. 

Equat ion 5-1 shows t h a t  t h e  movement o f  t h e  p l a t e  v a r i e s  l i n e a r l y  

wi th  t i m e ,  and t h e  v e l o c i t y  i s  equal  t o  ra te  o f  loading.  For a p a r t i c u l a r  

rate o f  loading  t h e  purpose w a s  t o  determine t h e  d i s t r i b u t i o n  o f  displacements  

and stresses throughout t h e  medium inc luded  w i t h i n  t h e  r e l a x a t i o n  n e t ,  a t  

s p e c i f i e d  t i m e  and displacement  s t a t i o n s .  Two methods can be  used; e i t h e r  t o  

f i x  t h e  t i m e  s t a t i o n s  and accord ingly  va ry  t h e  v a l u e  of  displacement  f o r  

d i f f e r e n t  rates o f  loading  o r  t o  f i x  t h e  displacement  s t a t i o n s  and vary  t h e  
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va lue  of  t he  t i m e  i n t e r v a l  f o r  d i f f e r e n t  rates o f  loading.  Figure 5-2 shows 

the t i m e  d isplacement  curves ,  f o r  two rates o f  loading ,  53.2 i n . / s e c  and 

106.4 i n .  /see. 

c 

i 

0 

- 
?-- 

x 
I- 
Z 
W 
E 
W 
0 

J 

v) 

P 

a 
a - 

6.65.- 

5.32 - 
3.99 - 

2'661 1.33 

IN/SEC 

/ 

L 5 3 . 2  IN/SEC 

FIG. 5-2 

EXAMPLES OF DISPLACEMENT-TIME CURVES AT THE BOUNDARY 

The curves shown i n  F ig .  5-2 do not  have t o  be l i n e a r .  Any type of 

loading  could be used as long as t h e  displacement a t  each t i m e  s t a t i o n  i s  

known. 

I n  so lv ing  f o r  t h e  two rates o f  loading  the  s o l u t i o n  i s  c a r r i e d  o u t  

f o r  t he  displacements  of 0.0133, 0.260, and 0,0399 i n . ,  e t c .  The t i m e  

i n t e r v a l  between two consecut ive displacements  i s  1.25 x lo-* s e c  f o r  a rate 
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o f  load ing  of  106.4 i n . / s e c ,  and 2.5 x 

in . / s ec .  That i s ,  f o r  h igher  rates o f  loading ,  i t  takes  less time t o  o b t a i n  

a p a r t i c u l a r  displacement .  

f o r  t h e  ra te  o f  l oad ing  o f  53.2 

S o i l  P r o p e r t i e s  

S o i l  p r o p e r t i e s  were desc r ibed  i n  Ref. (3). The s o i l  w a s  a c lean ,  

l i g h t  brown, d r y  sand known l o c a l l y  as Colorado River  Sand, 

found t o  be subangular  i n  shape and having a r a t h e r  tough t e x t u r e .  

g r a i n s  were mainly q u a r t z ,  w i t h  some fragments o f  igneous,  metamorphic and 

sedimentary rocks.  The r e s u l t s  o f  mechanical a n a l y s i s  r epor t ed  i n  Ref. ( 3 )  

are shown on a semi- logari thmic p l o t  i n  F ig ,  5-3. The sand was r epor t ed  t o  

have a s p e c i f i c  g r a v i t y  o f  2.67 and m a x i m u m  d e n s i t y  o f  108.26 pcf and a mini- 

mum d e n s i t y  of  94 pcf .  A curve f o r  Ottowa Sand i s  shown f o r  comparison. 

The sand was 

Sand 

The sand compacted t o  a d e n s i t y  of 102 pcf which i s  a medium d e n s i t y  

cond i t ion ,  i s  cons idered  i n  t h i s  s tudy .  The material i s  considered t o  have 

t h e  deformation p r o p e r t i e s  shown i n  Figs .  2-1 and 2-2. 

Experimental  Work 

Experimental  work r e l a t e d  t o  t h i s  s tudy  has  been r epor t ed  by Horadam 

(7)  and Hustad ( 8 ) .  The geometry o f  t h e  problem r e l a t e d  t o  t h e  experimental  

work i s  d i f f e r e n t  from t h a t  shown i n  F ig .  5-1. The 18 i n .  p l a t e  i n  t h e  exper i -  

mental  work w a s  t r e a t e d  as a s h o r t  r e t a i n i n g  w a l l ,  and hence t h e  r eg ion  

y > 18" i s  not  f r e e  from stresses. I n  t h e  t h e o r e t i c a l  s o l u t i o n ,  t h e  v e r t i c a l  

displacements  of  a l l  nodes i n  con tac t  w i t h  t h e  p l a t e  i s  assumed t o  be  zero ,  

which is  not  t h e  t r u e  s i t u a t i o n .  The program, however, could be  run  by assuming 

t h a t  f o r  a s u f f i c i e n t l y  f i n e  r e l a x a t i o n  n e t  such displacements  are f r a c t i o n s  

of  t h e  displacement o f  t he  neighboring nodes s i t u a t e d  a t  one h o r i z o n t a l  

x = 0 ,  
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increment length .  Such f r a c t i o n s  could range from 0 .0  t o  1.0. The va lue  o f  

1.0 r e p r e s e n t s  a p e r f e c t l y  smooth p l a t e .  

I n  Ref.  ( 7 )  slow rates o f  loading  ranging from 0.0067 i n . / s e c  up t o  

2.66 i n . / s e c  were used. F igures  5-4  through 5-9 show the  experimental  load-  

displacement  curves  taken from Ref.  (7)  t oge the r  wi th  t h e  t h e o r e t i c a l  curves  

developed i n  t h i s  s tudy .  The t h e o r e t i c a l  va lues  are h ighe r  and t h e  d i f f e r e n c e  

between t h e o r e t i c a l  and experimental  i nc reases  wi th  an  increase i n  d i s p l a c e -  

ments. The va lues  r epor t ed  i n  t h e  experimental  curves  are average va lues  of  

s e v e r a l  t e s t s .  I n  Ref. ( 7 )  maximum values  of  1938 l b s  were repor t ed  a s  w e l l  

as va lues  down t o  1342 f o r  t h e  same ra te  of  loading.  This  i s  due t o  t h e  

d i f f i c u l t y  i n  r e p e a t i n g  t h e  same s o i l  p r o p e r t i e s  each t i m e  t h e  t es t  i s  run. 

I n  Ref. (8) i t  was r epor t ed  t h a t  " the  wooden v e r t i c a l  r e s t r a i n t  t h a t  

was used t o  c o n s t r a i n  t h e  loading  appara tus  from moving i n  a v e r t i c a l  d i r e c -  

t i o n  d id  not  func t ion  properly" ,  and hence t h e  loading  i n  t h e  experimental  

work was not  s t r i c t l y  h o r i z o n t a l .  Some d i f f i c u l t i e s  were encountered i n  

t r y i n g  t o  o b t a i n  a p l ane  s t r a i n  case i n  t h e  experimental  s e tup .  

d i s c u s s i o n  on such d i f f i c u l t i e s  i s  t r e a t e d  i n  Ref. (8). 

A thorough 

A l l  t h e  above mentioned f a c t o r s ,  assumptions made i n  t h e o r e t i c a l  

s o l u t i o n s ,  and the  d i f f e r e n c e  i n  t h e  geometry would d e f i n i t e l y  c o n t r i b u t e  t o  

d i f f e r e n c e  between t h e  t h e o r e t i c a l  and experimental  va lues .  F igure  5-10 

shows t h e  t h e o r e t i c a l  curves  f o r  s i x  rates o f  l oad ing  up t o  2.66 i n . / s e c .  

F igu re  5-10 i l l u s t r a t e s  t h a t  f o r  slow rates o f  loading,  t h e  ra te  o f  loading  

has only  a s l i g h t  e f f e c t  on t h e  shape o f  t h e  curves as w e l l  as on t h e  u l t i m a t e  

r e s i s t a n c e .  

I t  w a s  f e l t  t h a t  a t  l e a s t  one t h e o r e t i c a l  s o l u t i o n  should have a 

common base wi th  r e s p e c t  t o  t h e  boundary condi t ions  used i n  t h e  experimental  

work r epor t ed  i n  Refs.  (7)  and (8) .  For t h a t  purpose a t h e o r e t i c a l  s o l u t i o n  
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w a s  ob ta ined  by t r e a t i n g  t h e  p l a t e  as a s h o r t  r e t a i n i n g  w a l l .  For a l l  t h e  

nodes on t h e  s u r f a c e  x = 0 ,  y > 18" ( c f .  F ig .  5 - l ) ,  d isplacements  were se t  

t o  ze ro .  

ment curve f o r  t h e  above problem i s  shown i n  Fig.  5-8. From F ig .  5-8 i t  can 

be observed t h a t  t h i s  change i n  t h e  boundary c o n d i t i o n  has a s m a l l  e f f e c t  f o r  

t he  r a t e  o f  l oad ing  considered.  

t h e  t h e o r e t i c a l  a n a l y s i s  o t h e r  d i f f e r e n c e s  r e l a t e d  t o  t h e  load a p p l i c a t i o n  

as mentioned i n  Ref. (8).  

The ra te  of l oad ing  considered w a s  0.532 i n . / s e c .  The load-displace-  

It w a s  no t  p o s s i b l e  t o  t a k e  i n t o  account i n  

I n  s tudy ing  t h e  e f f e c t  o f  t h e  r a t e  of loading,  s o l u t i o n s  were ob ta ined  

f o r  h ighe r  rates o f  l oad ing ,  keeping t h e  same displacement increment as 

0.0133 i n .  and dec reas ing  t h e  t i m e  i n t e r v a l .  F igu re  5-11 shows t h e  d i s p l a c e -  

ment-load curves f o r  t h e  rates of l oad ing  of 0 . 0 0 6 7 , ~ 0 . 0 1 3 3 ,  0.0333, 0.133, 

0.532, 2 .66,  13.3,  26.6,  and 39.9 i n . / s e c ,  t o g e t h e r  w i th  a p o r t i o n  o f  t h e  

curves f o r  t h e  rates o f  l oad ing  e q u i v a l e n t  t o  332.5 and 53.2 i n . / s e c .  It 

is apparent  t h a t  t h e r e  e x i s t s  a d i f f e r e n c e  i n  t h e  r e s i s t a n c e  t o  movement. 

between slow and high rates of loading.  The d i f f e r e n c e  i n c r e a s e s  wi th  i n c r e a s e  

i n  displacement .  The d i f f e r e n c e  can be a t t r i b u t e d  t o  t h e  i n c r e a s i n g  s i g n i -  

f i c a n c e  o f  i n e r t i a  f o r c e s  as rates o f  l oad ing  i n c r e a s e .  

Table 5-1 shows t h e  i n e r t i a  fo rces  a t  maximum load f o r  d i f f e r e n t  

rates of loading.  

Table 5-1 were ob ta ined  has  t h e  c o o r d i n a t e  (4 .5 ,  9) t h a t  i s  9 i n .  below t h e  

f r e e  s u r f a c e  and 4.5 i n .  away from t h e  v e r t i c a l  s u r f a c e  of t h e  p l a t e ,  The 

i n e r t i a  f o r c e s  would be zero i f  displacements  i n s i d e  t h e  r eg ion  va ry  l i n e a r -  

l y  wi th  t i m e ,  b u t  t h e  s o i l  i s  a non l inea r  material. I f  a t  a p a r t i c u l a r  node, 

PX is  t h e  i n e r t i a  f o r c e  i n  t h e  X d i r e c t i o n  and PY i s  t h e  i n e r t i a  f o r c e  

i n  t h e  Y d i r e c t i o n  then ,  

The node i n  t h e  r e l a x a t i o n  n e t  f o r  which t h e  v a l u e s  i n  
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DX 
= P E a  

DY 
= P 2  

(5-2) 

(5-3) 

PX and PY van i sh  i f  DX and DY become zero o r  i f  HT i s  very 

l a r g e .  The i n e r t i a  f o r c e  could s t i l l  be s l i g h t ,  d e s p i t e  n o n l i n e a r i t y ,  i f  HT 

i s  l a r g e ,  which i s  t h e  case  f o r  t h e  slow rates o f  loading.  With t h e  dec rease  

i n  HT, t h a t  i s ,  f o r  h i g h e r  rates o f  l oad ing ,  t h e  terms PX and PY would 

g e t  l a r g e r .  The i n e r t i a  f o r c e s  tend t o  b r i n g  t h e  system back t o  i t s  o r i g i n a l  

p o s i t i o n  and hence, t h e  displacements  i n s i d e  t h e  r e g i o n  would be smaller f o r  

h i g h e r  r a t e s  of  l oad ing  i f  two rates are  compared f o r  t h e  same boundary condi- 

t i o n s .  Table 5-2 shows displacements  i n  t h e  X d i r e c t i o n  of nodes on a 

v e r t i c a l  p l ane  4.5 i n .  away from t h e  p l a t e ,  t h e  movement o f  t h e  p l a t e  i s  

0.133 i n .  Table 5-3 shows t h e  same information when t h e  mwement o f  t h e  

p l a t e  i s  0,2393 i n ,  

F igu re  5-12 shows t h e  load-displacement curves f o r  rates o f  l oad ing  

h ighe r  t han  2.66 i n . / s e c .  

between slow and h igh  rates of l oad ing ,  bu t ,  when high rates are  compared 

t o g e t h e r ,  t h e  d i f f e r e n c e  aga in  becomes n e g l i g i b l e .  The terms slow and h igh  

as used i n  t h e  t e x t  are a r b i t r a r y .  For t h i s  p a r t i c u l a r  problem, t h e  follow- 

i n g  c l a s s i f i c a t i o n  i s  adopted. 

It can be observed t h a t  a b i g  d i f f e r e n c e  e x i s t s  
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. TABLE 5-2 

HORIZONTAL DISPLACEMENTS (IN.)  VS. RATE OF LOADING ( IN .  /SEC) 

OF NODES ON A VERTICAL PLANE 4.5 INCHES FROM THE PLATE 

MOVEMENT OF PLATE = 0.133 I N .  

R a t e  o f  D i s t a n c e  f r o m  Surface ( i n . )  
L o a d i n g  
i n ,  /sec 3 6 9 12 15  18 

2.66 0.1234 0.1233 0.1231 0.1227 0.1223 0.1218 

13 .3  0.1230 0.1226 0.1222 0.1216 0.1210 0.1205 

53.2 0.1223 0.1219 0.1214 0.1209 0.1204 0.1197 

106.4 O . l l b 0  0.1163 0.1160 0.1149 0.1129 0.1088 

TABLE 5-3 

HORIZONTAL DISPLACEMENTS ( I N .  ) VS . RATE OF LOADING ( I N .  /SEC) 

OF NODES ON A VERTICAL PLANE 4 .5  INCHES FROM THE PLATE 

MOVEMENT O F  PLATE = 0.2393 I N .  

R a t e  of D i s t a n c e  f r o m  Surface ( in . )  
Loading 
i n .  /sec 3 6 9 12 1 5  18 

2.66 0.2265 0.2264 0.2262 0.2259 0.2257 0.2255 

13.3 0.2259 0.2257 0.2254 0.2251 0.2249 0.2249 
26.6 0.2240 0.2233 0.2240 0.2215 0.2207 0.2205 

53.2 0,2230 0.2214 0.2203 0.2192 0.2182 0.2175 

106.4 0.2115 0.2111 0.2095 0 .20i3  0.2040 0.1964 
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Slow rates 0 - 2.60 i n . / s e c  

I n t e r m e d i a t e  rates 2.66 - 100 i n . / s e c  

High rates > 100 in . /sec 

The above c l a s s i f i c a t i o n  i s  based on t h e  conclusion t h a t  f o r  rates up 

t o  2.66 i n . / s e c  t h e  d i f f e r e n c e  i n  u l t i m a t e  r e s i s t a n c e  i s  small and f o r  t hose  

g r e a t e r  than 100 i n . / s e c ,  t h e  d i f f e r e n c e  i n  u l t i m a t e  r e s i s t a n c e  a l s o  i s  

small ,  Table 5-4 g ives  t o t a l  load c a r r i e d  by t h e  p l a t e  v s ,  t h e  movement o f  

t h e  p l a t e ,  f o r  d i f f e r e n t  rates o f  loading.  The information i n  Table 5-4 was 

used i n  c o n s t r u c t i n g  F igs .  5-11 and 5-12. F igu res  5-11 and 5-12 both i n d i c a t e  

t h a t  f o r  small  displacements ,  less than  0 .1  i n . ,  t h e  load c a r r i e d  by t h e  p l a t e  

d i f f e r s  s l i g h t l y  between slow, i n t e r m e d i a t e  and h igh  rates of loading. 

F igu re  5-13 shows t h e  u l t i m a t e  load v s .  t h e  ra te  o f  loading.  The 

s e m i - f l a t  p a r t  of t h e  curves i s  f o r  high rates of loading,  g r e a t e r  t han  

100 i n . / s e c .  

e r r o r  f u n c t i o n  (4) except  t h a t  t h e  i n i t i a l  p o r t i o n  does not s ta r t  from ze ro  

and t h e  middle p o r t i o n  is s t e e p e r  than t h a t  o f  t he  e r r o r  func t ion .  I n  o r d e r  

t o  o b t a i n  a mathematical  model t o  d e s c r i b e  t h e  curve,  t h e  curve i s  redrawn 

a g a i n  i n  Fig.  5-14 with non-dimensional coord ina te s .  

The shape o f  t h e  curve i s  similar t o  t h a t  o f  t h e  s o - c a l l e d  

The v e r t i c a l  s c a l e  con ta ins  nondimensional q u a n t i t i e s  which were ob- 

t a i n e d  by d i v i d i n g  t h e  u l t i m a t e  load by t h e  maximum u l t i m a t e  load. 

mum u l t i m a t e  load i s  considered t h a t  which corresponds t o  a ra te  of l oad ing  

o f  200 i n . / s e c ,  f o r  which t h e  u l t i m a t e  load is 35,800 l b s .  

The maxi- 

Values on t h e , h o r i z o n t a l  scale are d iv ided  by 200 and m u l t i p l i e d  by 

3R v s  Z where 2 i s  equa l  t o  - 200' 
pu l  t 

U1tmax 

3 so t h a t  t he  r e l a t i o n  would be - 
P 

The e r r o r  f u n c t i o n  o f  3 i s  v e r y  c l o s e  t o  one which i s  t h e  maximum va lue  on 

t h e  v e r t i c a l  scale. Based on Fig.  5-14 the  gene ra l  r e l a t i o n  w i l l  be: 
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FIG. 5-14 

ULTIMATE LOAD VS. RATE OF LOADING 

IN NONDIMENSIONAL FORM 
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(5-4) 

0 

i n  which Z i s  g r e a t e r  than  C. 

The v a l u e  o f  C i s  found by t r i a l  and e r r o r  t o  be 0 .6  f o r  Z > 0 . 6  

and t o  be equa l  t o  0 .92 Z f o r  0 < Z s 0.6. Another cons t an t  should be added 

s i n c e  t h e  curve does n o t  s t a r t  from zero  va lues ,  So that. the  r e l a t i o n s  t ake  

the  form: 

f o r  0 Z 5 0.6 

0.082 

0 

and f o r  0-6 < Z < 3 .0  

Z - 0.6 

0 

where 

R = rate o f  loading  in . / s ec .  
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The i n t e g r a l s  i n  Eqs .  5-5 and 5-6 could be eva lua ted  numerical ly  o r  

ob ta ined  from mathematical  t a b l e s  (11). The prQgram l i s t e d  i n  Appendix D 

e v a l u a t e s  t h e  i n t e g r a l .  

Average Ea r th  P res su re  Modulus 

The average e a r t h  p r e s s u r e  modulus as used i n  t h i s  t e x t  i s  de f ined  as: 

P 
A d  

K = -  

P t o t a l  r e s i s t a n c e  t o  p l a t e  movement 

K i s  t h e  average e a r t h  p r e s s u r e  modulus i n  l b / i n .  / in .  

A 

2 

t h e  area of t h e  p l a t e  (216 i n . 2 )  

d movement o f  t h e  p l a t e  ( i n . )  

F i g u r e  5-15 shows t h e  v a r i a t i o n  o f  K wi th  movement o f  t h e  p l a t e ,  

For low movement, less than  0.05 i n . ,  t h e  behavior  f o r  a l l  t h e  rates i s  t h e  

same. That i s ,  t h e r e  is a dec rease  i n  K w i th  an i n c r e a s e  i n  d.  For 

l a r g e r  movement of t h e  p l a t e ,  t he  curve f o r  t h e  rate of 2.66 i n . / s e c  cont inues 

t o  show t h e  dec rease  i n  K f o r  an i n c r e a s e  i n  d. For t h e  ra te  o f  loading 

o f  2.66 i n . / s e c  t h e  i n e r t i a  f o r c e  i s  n e g l i g i b l e  and behavior  corresponds t o  

t h a t  o f  t h e  s o - c a l l e d  s t a t i c  case ,  For in t e rmed ia t e ,  53.2 i n . / s e c ,  apd high,  

332.5 i n . / s e c ,  ra tes ,  t h e  curve shows a n  i n c r e a s e  o f  K w i th  inc reased  (1 

f o r  movements g r e a t e r  t han  0.05 i n .  

E f f e c t s  o f  Rate o f  Loading on D i s t r i b u t i o n  of Hor i zon ta l  S t r e s s  

The p l a n e  chosen f o r  d i s c u s s i o n  h e r e  i s  18 i n .  below t h e  s u r f a c e .  

The d i s t r i b u t i o n  of h o r i z o n t a l  stress on nodes a long  t h i s  h o r i z o n t a l  p l ane  

w i l l  be considered.  
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I n  Tables  5-5, 5-6, and 5-7 t h e  h o r i z o n t a l  stresses are  l i s t e d  at: 

e q u a l l y  spaced nodes on a plane 18 i n ,  below t h e  s o i l  s u r f a c e .  The d i s t a n c e  

o f  h o r i z o n t a l  movements f o r  t h e  p l a t e s  i n  Tables  5-5, 5-6, and 5-7 are 

0.0665, 0.133, and 0.2128 in .  r e s p e c t i v e l y .  Data from t h e  t h r e e  Tables  are 

p l o t t e d  i n  F i g s .  5-16, 5-17, and 5-18. It can be seen i n  t h e s e  f i g u r e s  t h a t  

t h e  ra te  of l oad ing  has a marked e f f e c t  on t h e  d i s t r i b u t i o n  o f  stresses f o r  

nodes c l o s e  t o  t h e  p l a t e ,  This e f f e c t  dec reases  with an  i n c r e a s e  i n  d i s t a n c e  

from t h e  p l a t e .  

The t h r e e  F igu res ,  5-16, 5-17, and 5-18, show t h a t  t h e  ra te  o f  

loading has  a marked e f f e c t  on t h e  d i s t r i b u t i o n  of stress as w e l l  as on t h e  

va lues  o f  stresses f o r  nodes s i t u a t e d  w i t h i n  a d i s t a n c e  equal  t o  approxi- 

mately t h e  depth o f  t h e  p l a t e  (18 i n . )  which is t h e  b e a r i n g  s u r f a c e .  

S t r e s s e s  i n c r e a s e  with an i n c r e a s e  i n  t h e  r a t e  of l oad ing  when slow r a t e s  are  

compared wi th  i n t e r m e d i a t e  and h igh  rates o r  when i n t e r m e d i a t e  rates are com- 

pared with high rates.  The o t h e r  obse rva t ion  i s  t h a t  when slow rates are 

compared t o g e t h e r  t h e  d i s t r i b u t i o n  i s  p r a c t i c a l l y  t h e  same. The same obser-  

v a t i o n  a p p l i e s  a l s o  when h igh  rates a r e  compared toge the r .  

D i s t r i b u t i o n  of  S t r e s s e s  on t h e  P l a t e  

F igu res  5-19, 5-20, and 5-21 show t h e  d i s t r i b u t i o n  of stresses on 

t h e  p l a t e  f o r  d i f f e r e n t  rates o f  l oad ing  f o r  t h r e e  v a l u e s  of p l a t e  movements. 

Non l inea r i ty  o f  t h e  curves i n c r e a s e  wi th  inc reased  ra te  of loading.  For t h e  

ra te  of load ing  of 2.66 i n . / s e c ,  t h e  movement o f  t h e  p l a t e  o f  0.2128 i s  c l o s e  

t o  t h a t  which corresponds t o  maximum load and t h e  d i s t r i b u t i o n  i s  r a t h e r  

uniform and t h e  nodes along t h e  p l a t e  cannot s u s t a i n  more stresses even though 

the  displacements  i n c r e a s e  wi th  t i m e .  The r e s i s t a n c e  o f  t h e  neighboring nodes 

i s  g r e a t e r .  This  i s  shown i n  Fig.  5-19 by obse rv ing  t h e  stress d i s t r i b u t i o n  
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FIG. 5-16 

HORIZONTAL STRESS VS. DISTANCE 

MOVEMENT OF THE PLATE = 0.0665 IN.  
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STRESS (P.S.I.)  

F I G .  5-19 

DISTRIBUTION OF HORIZONTAL STRESS ON CONTACT SURFACE 

MOVEMENT OF THE PLATE = 0.0665 I N .  
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curve f o r  t h e  ra te  o f  l oad ing  of 2.66. For h ighe r  rates o f  l oad ing  t h e  same 

s i t u a t i o n  w i l l  develop when t h e  movement o f  t h e  p l a t e  i s  h ighe r  t han  0,2128 

i n .  

from ou tpu t  o f  d i f f e r e n t  rates o f  loading.  

The la t te r  obse rva t ion  can be  seen  by examining t h e  complete r e s u l t s  

D i s t r i b u t i o n s  o f  S t r e s s e s  and Displacements i n  t h e  S o i l  Mass 

Figures  5-22 through 5-27 show t h e  contour  l i n e s  f o r  h o r i z o n t a l  

stresses and h o r i z o n t a l  displacements  f o r  t h e  r eg ion  bounded by t h e  p l a t e .  

Three rates of  loading  corresponding t o  2.66, 106.4 and 266 i n .  /sec were 

considered.  No gene ra l  conclus ion  could be drawn from t h e  contours  shown 

s i n c e  such contours  depend on t h e  r a t e  of  loading  and t h e  displacement  o f  

t h e  p l a t e .  An argument r e l a t e d  t o  these  contours  should be b u i l t  on l a r g e  

numbers o f  such contours .  The shape of such contours ,  however, shows t h a t  

t h e  d i s t r i b u t i o n  o f  stresses and displacements  i s  compatible  w i t h  t h e  boun- 

dary  cond i t ions .  

Conclusions 

The two q u a n t i t i e s  E '  and v ' ,  which are analogous t o  t h e  modulus 

o f  e l a s t i c i t y  E and Po i s son ' s  r a t i o  V, have been found t o  r ep resen t  the 

s o i l  p r o p e r t i e s  provided t h a t  such q u a n t i t i e s  be  allowed t o  vary  with s t r a i n  

l e v e l .  The r e s i s t a n c e  of  a 102 pcf d e n s i t y  sand t o  p e n e t r a t i o n  o f  an 18 x 

12-in.  p l a t e  a t  cons t an t  v e l o c i t y  has  been i n v e s t i g a t e d  f o r  d i f f e r e n t  rates 

o f  loading.  From t h e  f o r c e  displacement  h i s t o r i e s  s e v e r a l  conclusions have 

been drawn: 

1. For rates of  loading  up t o  2.66 i n . / s e c ,  no s i g n i f i c a n t  change 

occurs  i n  t h e  r e s i s t a n c e  and i n  t h e  s ta te  of  stress and deformation i n  t h e  

medium. 
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2. For rates o f  l oad ings  from 2.66 up t o  106.4  i n . / s e c ,  t h e r e  i s  a 

marked e f f e c t  on t h e  s t a t e  o f  stress and deformation i n  a r eg ion  w i t h i n  a 

d i s t a n c e  approximately equal  t o  t h e  l eng th  o f  t h e  bea r ing  su r face .  Higher 

rates are a s s o c i a t e d  w i t h  h i g h e r  stresses. 

3 .  With inc reased  v e l o c i t y  beyond 106.4  i n . / s e c ,  Conclusion 1 i s  

drawn again.  Also ,  a p l a t e a u  o f  f o r c e  l e v e l  develops wi th  i n c r e a s i n g  

v e l o c i t y .  

R e s t a t i n g  Conclusions 1, 2 and 3 i t  can be s a i d  t h a t  no s i g n i f i c a n t  

change i s  observed i f  slow rates (g 2.66 i a . / s e c )  a lone  are compared. Sig- 

n i f i c a n t  e f f e c t  i s  observed i f  slow rates are  compared with in t e rmed ia t e  

(> 2.66 and 106.4  i n .  /sec)  rates,  and with high (> 106.4 i n .  /sec)  rates. 

The s i g n i f i c a n t  e f f e c t  i s  observed when in t e rmed ia t e  rates a re  compared a lone  

o r  w i th  t h e  high rates.  No s i g n i f i c a n t  e f f e c t  i s  observed i f  h igh  rates are 

compared alone.  

4.  The d i s t r i b u t i o n  o f  stresses on t h e  p l a t e  i n c r e a s i n g l y  d e v i a t e s  

from l i n e a r i t y  wi th  inc reased  ra tes ,  i f  slow, in t e rmed ia t e  and h igh  rates are 

compared. For a l l  rates o f  l oad ing  t h e  h i g h e s t  stresses develop a t  t h e  lower 

boundary o f  t h e  p l a t e .  

5. I n  t h e  r e g i o n  o u t s i d e  t h a t  bounded by a d i s t a n c e  equal  t o  apptoxi-  

mately t h e  l e n g t h  o f  t h e  bea r ing  s u r f a c e ,  t h e  s t a t e  of stress and deformation 

changes s l i g h t l y  wi th  t h e  ra te  of loading.  

6 .  The s i g n i f i c a n t  e f f e c t  of t he  ra te  o f  l oad ing  on t h e  f o r c e  d i s -  

placement h i s t o r y  desc r ibed  i n  Conclusions 1, 2 and 3 ,  i n c r e a s e s  wi th  i n c r e a s e  

i n  deformation. 

7.  For slow rates, t h e  e a r t h  p r e s s u r e  modulus dec reases  wi th  i n -  

c r eased  displacements  o f  t h e  p l a t e .  For i n t e r m e d i a t e  and high rates t h e r e  i s  

some displacement a t  which t h e  modulus starts t o  i n c r e a s e  u n t i l  i t  s tar ts  t o  
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dec rease  aga in  a t  a h ighe r  displacement;  both va lues  o f  displacements  are 

d i f f e r e n t  f o r  i n t e rmed ia t e  and h igh  rates. 

8. I f  slow, in t e rmed ia t e  and h igh  rates o f  l oad ing  are compared, 

t h e r e  i s  a n  i n c r e a s e  i n  t h e  v a l u e  of  displacement  a t  which t h e  r e s i s t a n c e  

starts t o  decrease  wi th  increased  rates o f  loading.  

The above conclus ions  were drawn from t h e  numerical  experiments.  It 

should be emphasized t h a t  a l l  numerical va lues  ob ta ined  depend on t h e  

and VI r e l a t i o n  wi th  r e s p e c t  t o  t h e  axial  s t r a i n  E which was obta ined  

from two experimental  curves .  Therefore  a l l  q u a n t i t a t i v e  informat ion  regard-  

i n g  t h e  above conclus ions  depend on  t h e  E '  and VI r e l a t i o n  wi th  axial  

s t r a i n s .  

E '  

X 

Experimental  r e sea rch  has  been done t o  o b t a i n  E l  v s  E curves 
X 

bu t  l i t t l e  has  been done t o  i n v e s t i g a t e  t h e  VI v s  e r e l a t i o n s  f o r  

d i f f e r e n t  s o i l s .  A l l  t h i s  l eads  t o  t h e  important  conclus ion  t h a t  

X 

9 .  Extens ive  r e sea rch  i s  needed t o  i n v e s t i g a t e  t h e  v a r i a t i o n  of  V '  

and El wi th  t h e  s t r a i n  l e v e l .  Such informat ion  is  of h igh  importance i n  

any t h e o r e t i c a l  s o l u t i o n .  

Based on t h e  above conclus ions ,  t h e  fo l lowing  recommendations are 

proposed: 

1. Numerical experiments u s ing  t h e  computer program should be done 

on d i f f e r e n t  s i z e s  o f  c o n t a c t  s u r f a c e s  and d i f f e r e n t  s o i l  types  i n  o rde r  t h a t  

more gene ra l  conclus ions  can be drawn regard ing  s o i l  response t o  dynamic 

1 o ad i n g  . 
2. An ex tens ion  t o  t h e  program i s  recommended t o  s o l v e  f o r  i n c l i n e d  

dynamic loading;  such ex tens ion  would involve  t h e  r e s o l u t i o n  of  body f o r c e  

i n t o  d i r e c t i o n s  p a r a l l e l  and normal t o  t h e  d i r e c t i o n  of impact.  

n a t e  axis would be  r o t a t e d  s o  as t o  co inc ide  w i t h  t h e  above d i r e c t i o n s .  

The coordi-  
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3 .  An ex tens ion  o f  t he  program i s  recommended t o  va ry  t h e  deforma- 

t i o n  p r o p e r t i e s  i n s i d e  t h e  r e l a x a t i o n  ne t .  

4 .  An ex tens ion  o f  t h e  program i s  needed t o  s o l v e  f o r  s l o p i n g  o r  

i r r e g u l a r  boundaries  u s ing  numerical  techniques.  

5. Fur the r  s t u d i e s  are recommended t o  f o r c e  agreement between analy-  

t i c a l  and experimental  r e s u l t s  by va ry ing  a r b i t r a r i l y  t h e  l a t e ra l  s t r a i n  

r a t i o  curve.  

6 .  A r o t a t i o n a l l y  symmetric s o l u t i o n  is  recommended f o r  f u r t h e r  

s t u d i e s .  

7. Fu r the r  s tudy  i s  recommended t o  determine t h e  i n f l u e n c e  of  r i g i d  

i n c l u s i o n s  i n s i d e  t h e  r e l a x a t i o n  n e t .  

8 .  A subrou t ine  should be  added t o  t h e  computer program f o r  t h e  

purpose o f  p l o t t i n g  contour  l i n e s  o f  stress and displacement  i n  t h e  s o i l  

mass. 



APPENDIX A 

DERIVATION OF STRAIN COMPONENTS 

Two modes can be employed t o  d e s c r i b e  t h e  deformation i n  a continuous 

medium: t h e  Lagrangian and t h e  E u l e r i a n  modes. 

t h e  coord ina te s  a o f  a t y p i c a l  p a r t i c l e  i n  t h e  i n i t i a l  s t a t e  are t r e a t e d  i 

as independent v a r i a b l e s ,  w h i l e  i n  t h e  E u l e r i a n  d e s c r i p t i o n ,  t h e  coord ina te s  

xi 

v a r i a b l e s .  Hence, i f  t h e  Lagrangian mode i s  used, t h e  coord ina te s  i n  t h e  

deformed s ta tes  are w r i t t e n  i n  terms o f  those  o f  t h e  i n i t i a l  s ta te  as 

I n  t h e  Lagrangian d e s c r i p t i o n ,  

o f  t h e  par t ic le  i n  t h e  defarmed s ta te  are t r e a t e d  as t h e  independent 

On t h e  o t h e r  hand, i f  t h e  E u l e r i a n  mode i s  used, deformations are 

desc r ibed  by 

I n  any problem, stresses a c t i n g  through t h e  medium must s a t i s f y  

equ i l ib r ium c o n d i t i o n s  i n  t h e  deformed s ta te .  I n  t h i s  s tudy  E u l e r i a n  coordi-  

n a t e s  have been used t o  d e s c r i b e  t h e  s t r a i n  components. For i n f i n i t e s i m a l  

deformations (when products  o f  d e r i v a t i v e s  can be neg lec t ed ) ,  t h e  two modes 

are i d e n t i c a l .  

Consider a group of p a r t i c l e s  on some Curve C, be fo re  deformation, 

( c f .  F ig .  A - 1 ) .  
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FIG. A- 1 

DEFORMATION OF AN ARBITRARY 

LINE ELEMENT M N. 

L e t  t h e  coord ina te  o f  some p a r t i c l e  M on C, be denoted by 

(a l ,  as ) ,  and t h e  coord ina te  of  ano the r  pa r t i c l e  N ,  a t  a d i s t a n c e  ds, from 

p o i n t  M be (al + da l ,  a2 + da,). Af t e r  deformation p o i n t  M and N w i l l  

be on another  curve,  s a y  C,. The new coordinates  o f  p o i n t  M which i s  now M '  

on C, are ( x l ,  G) and t h e  coord ina te s  of  N which i s  now N '  on Cl are 

(x1 + dx1, xz + dx2). 

The elements dso and ds on C, and C, can be desc r ibed  as 

follows : 

dsO2 = da12 + da22 = da, da, i = 1 ,  2 

ds2 = dx12 + dxa2 = dx, dx, i = 1, 2 

(A- 3 )  

(A- 4 )  
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Considering t h e  E u l e r i a n  d e s c r i p t i o n  o f  deformation, t hen  from Eq A - 2  

dx, + 1 a3 dxz 
dal ax, 3x2 

O r  i n  a t enso r  n o t a t i o n  

dai = aik d x ,  

(A- 5) 

(A-7) 

where 

denote t h e  d i f f e r e n t i a t i o n  with r e s p e c t  t o  t h e  k t h  

independent v a r i a b l e ,  

i aa 
a = -  

i k  ax, 

S u b s t i t u t i n g  Eq A-7 i n  A-3 y i e l d s  

2 dso2 = da12 + daz 

,2 

(dx, 1 - 2 aa,\ - ( aa, )z dx, + \ ax, 1 
3x1 

O r  i n  t enso r  n o t a t i o n  

ds, 2 = a a d x j  d\ 
i j  i k  

i = l , 2  j = l , 2  k = l ,  2 
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It is  obvious t h e  e q u a l i t y  o f  dso2 and ds” imp l i e s  t h a t  t h e  trans- 

formation a = a (xl,  xz) i s  one o f  a r i g i d  body motion; hence it is  logi-  

cal t o  t a k e  t h e  q u a n t i t y  as a measure of s t r a in ,  and t h e r e f o r e  i t  

can be w r i t t e n  t h a t  

i i 

ds” - dso2 

aa aa 
ax, ax, - 2 2- dx, dx2 

o r  i n  a t enso r  n o t a t i o n ,  

ds” - dso2 = dxi dxi - a a dx.  d\ 
i j  i k  J 

i = 1, 2 ,  j = 1, 2 ,  k = l ,  2 

b j k  = 1, i =  j 

6 = 0,  i + - j  
j k  

= 2 w dx.  d% 
j k  J 

where w i s  t h e  s t r a i n  func t ion  and 
j k  

2 m  = 6  - a  a j k  j k  i j  i k  

(A- 10) 

(A-11) 

(A- 12) 

The s t r a i n s  w can be w r i t t e n  i n  terms o f  displacements s i n c e  
j k  



U = x - a and t h e r e f o r e  
i i i 

a = x  - U  i = l ,  2 
i i i 

where Ui s t a n d s  f o r  displacements.  

S u b s t i t u t i n g  Eq A-13 i n  Eq A-12, i t  can be w r i t t e n  t h a t  

2 u) = u + u - U i j  Uik j k  j k  k j  

o r  

au auk aui aui 
2 m  =i+---- 

j k  ar, ax axj axk 
j 
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(A- 13) 

(A- 14) 

Now t h e  expressions f o r  s t r a i n  i n  unabridged n o t a t i o n s  can b e  w r i t t e n  

as 

I f ,  on t h e  o t h e r  hand, t h e  Lagrangian coord ina te s  were used, so t h a t  

a are t r e a t e d  as independent v a r i a b l e s ,  then fol lowing t h e  same s t e p s  i t  is  
i 

easy t o  e s t a b l i s h  t h e  fol lowing r e l a t i o n s .  

dxi = xij d a j  i = 1, 2 j = l , 2  (A- 15) 

where x. i s  t h e  d e r i v a t i v e  of x with r e s p e c t  t o  t h e  j t h  independent 1j i 

v a r i a b l e ,  which i s  a i n  Eq A-15. 
j 
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where 

Since 

then 

ds2 = dx.  dxi = x x d a .  d a  
1 i j  i k  J k 

ds," = d a .  da = 6 d a .  dak 
~j j k ~  

i = l ,  2 j = l , 2  k = l ,  2 

6 = o  j + k  j k  

j k  
6 = 1  j = k  

ds" - dso2 = 2 q i j  d a .  dak 
J 

i = a  i + u i  

x x = ( 6 i j  + u. a )  ( s i k  + 'ik) 
i j  i k  1 J  

= 6  + u  + u  j k  j k  k j  + 'ij 'ik 

Uik) da*  dak 
J 

ds" - dso2 = ( U j k  + U k j  
'ij 

(A- 16) 

(A- 1 7 )  

(A-18) 

hence i n  unabridged form 
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e = -  
x aa, 

Phys ica l  Meaning o f  S t r a i n  Components 

Consider a l i n e  element w i th  ds, = da l ,  da2 = 0 ( t h a t  i s ,  t h e  l i n e  

element i s  pa ra l l e l  t o  t h e  x a x i s  be fo re  deformation) and d e f i n e  t h e  rela- 

t i v e  deformation e ,  as ds - dsa then  
ds0 

d s  = (1 + el)  dso 

From Eq A-16,  

ds2 - dso 2 = 2 qjk d a .  dak = 2 Thl da," 
J 

t hen  

(1 + = 1 + 2 1111 

€1 = J r n 1 -  1 

(A- 19) 

(A-20) 

By t h e  same reasoning,  i f  t h e  l i n e  element w a s  para l le l  t o  t h e  y a x i s  

be fo re  deformation i t  can be shown t h a t  

The q u a n t i t i e s  and E, are t h e  r e l a t i v e  deformations o f  t h e  ele-  

ments M-N and M-L (Fig.  A-2) which i n  t h e  deformed s ta te  are  M' - N '  and 

M '  - L'.  
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! 

- XI 

FIG. A-2 

PHYSICAL MEANING OF STRAIN COMPONENTS 

P r i o r  t o  deformation t h e  ang le  between M - N and M - L i s  a r i g h t  

ang le ,  a f t e r  deformation MI - L'. 

The a n g l e  between t h e  new elements i s  no longer a r i g h t  ang le  un le s s  t h e  motion 

i s  t h a t  of a r i g i d  body motion. The s t r a i n  components Tll and G2 i n d i c a t e  

t h e  r e l a t i v e  deformation o f  t h e s e  elements which were i n i t i a l l y  p a r a l l e l  t o  

t h e  coord ina te  a x i s ,  

M' - N' i s  an element of an arc as w e l l  as 

The p r o j e c t i o n  on t h e  x and y axis of  t h e  element MI - N '  can be 

ob ta ined  as follows: 

dx, = ax da, = dx 
3% 

ax 
3% 

dx, = A dal = dy 

(A-21) 
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Equation A-21 can be w r i t t e n  i n  terms of  displacements  s i n c e  

= a + Ui, t hen  'i i 

d s '  = M' N' = ,,/- = ,/ (l+exx)' + (3 c ) z  da, 
XY 

= (1 + el) dal 

where 

The d i r e c t i o n  cos ines  f o r  M' N' and M' L' ( c f .  Fig.  A-2), can 

t h e r e f o r e  be computed as: 

cos (MI xy l + e  
cos (M' N', x) = l + e l '  

(A-22) 
1 l + s  - e  

cos (M' L ' ,  x) = % cos (MI L' ,  y) = .yy + s2 

Equation A-22 gives t h e  d i r e c t i o n  cos ines  of t h e  tangent  t o  t h e  a r c  a t  

p o i n t  M'. 

The cos ine  of  t h e  ang le  between t h e  two tangents  can be ob ta ined  from 

a n a l y t i c  geometry as: 
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cos (SI, S Z )  = cos (SI, x) cos (S2, x) 

when S1 and S2 are t h e  tangents  t o  t h e  p o i n t  M' a long  M' N' and M'  L'. 

o r  

P r i o r  t o  deformation, t h e  a n g l e  8 was a r i g h t  angle ,  deno t ing  Aexy as 

t h e  change due t o  deformation, then, 

e xy 
(1 + %>(I + ez) cos (n/2 - A@) = S i n  Aexy = (A-23) 

It  i s  obvious from Eq A-23 t h a t  t h e  s t r a i n  component 6 i n d i c a t e s  
XY 

t h e  s h e a r ,  and i f  such s t r a i n  component vanish;  t h e  ang le  between t h e  two 

elements would remain a r i g h t  angle .  



APPENDIX I3 

EQUILIBRIUM CONDITIONS I N  THE LINEAR CASE 

For e l a s t i c a l l y  l i n e a r  m a t e r i a l ,  t h e  d e f i n i t i o n s  of s t r a i n s  and 

s t r e s s e s  a re :  

G = u  
X X 

G = v  
Y Y  

G = u  + v  
XY Y x 

(5 = X ( e X + e ) + 2 G G  
Y Y Y 

0 = h ( c  + e )  
z X Y  

X ( A  + 2G) uxx -I- ?i v 
ao 

ax XY 
- =  

y= ( h + 2 G )  v + h u  
a Y  YY XY 

98 
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Therefore  t h e  equ i l ib r ium equat ions  f o r  a l i n e a r  case i n  terms o f  d i s -  

placement can be w r i t t e n  as: 

( h +  2G) u + ( h + G )  v + G u  + F  .. p ; ' = R E X i  (B-2a) 
xx XY YY x , j J k  

+ F  - p ; ' = R E Y  (B- 2b) 
YY XY Y i , j , k  

(A+ 2G) v + ( A +  2G) u + G V x x  

o r  i n  f i n i t e  d i f f e r e n c e  form, 

( h +  2G) (A) + ( A +  G) (E) + (G) (M) + Fx - p (PH) = REX (B-3a) 
L j , k  

Equation B-3 can be  obta ined  d i r e c t l y  from Eq 4-1 i f  t h e  products  o f  

s t r a i n s  are set t o  zero.  When such products  a r e  se t  t o  zero then;  

= o  xx ux A B = u  

C D = v  v = o  x xx 

Q F = v  v = O  
XY Y 

R L = u  u = O  
Y x y  

M B = u  u = O  
YY x 

N C = v  v = O  
YY x 

I f  a l l  t h e  above terms are set t o  zero ,  then Eq B-3 w i l l  be i d e n t i c a l  

t o  Eq 4-1. 
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Co nv e r g  enc e 

2 

3 I 

4 

F I G .  B - 1  

NODAL POINTS I N  RESIDUAL DISTRIBUTION 

Considering an a r b i t r a r y  node 0,  t oge the r  w i th  t h e  ad jacen t  nodes 1, 2, 3 

and 4 ,  ( c f .  F ig .  B-1) t h e  i n i t i a l  X r e s i d u a l s  (REX) and Y r e s i d u a l s  

(REY) are assumed t o  be t h e  same f o r  all nodes. 

S t a r t i n g  w i t h  p o i n t  0 ,  an increment Au i s  app l i ed  

AU = REX,  / W, 

where 

Then t h e  new r e s i d u a l  a t  node 0 w i l l  be 

RE$ = REX, - REG = o 

The incremental  deformations a p p l i e d  a t  node 0 i s  -= and t h i s  w i l l  

change t h e  r e s i d u a l  a t  o t h e r  ad jacen t  nodes, t hen  t h e  new r e s i d u a l  a t  node 1 
WO 
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w i l l  be REX1 = R E G  ‘’ ~ 1 - !!L ‘ 1  where 
wo ’ 

W, = VDR (1/H$ - 1 / 2  HX3) 

and t h e  new r e s i d u a l  a t  node 3 w i l l  be  

RE% = RE% ( 1 - E ) 
where 

1 W, = VDR (,, 3 + &3 ’1 
and s i m i l a r l y  

where 

W, = SHM/HY2 

A t  t h i s  s t a g e  t h e  l a r g e s t  r e s i d u a l  w i l l  be a t  node 3 ,  s i n c e  W2>W3 

and Wo i s  negat ive.  

L iqu ida t ing  t h e  r e s i d u a l  RE&,  t h e  new r e s i d u a l  a t  node 0 w i l l  be 

Since Wz</ Wo 1 then; 



10 2 

VDR VDR I % I  = = - = a  

f VDR SHM '1 + 

2i3+gj HT 

Since  VDR and SHM and RHO a r e  p o s i t i v e  numbers, then  

(3 - E R  ) VDR 
~ H X ~  <iiF 

and hence i t  fo l lows  t h a t ,  

and hence 

s i n c e  

then 

o r  

where 

and t h e r e f o r e  
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1 REG' 1 <REX,  

A f t e r  n i t e r a t i o n s ;  

RE&, = R E G  Sn 

Since S i s  less than  1, then  

REX&- o as n -  00 

The same argument can be b u i l t  f o r  any node i n  t h e  Region R. 

S i m i l a r l y ,  i n  t h e  l i q u i d a t i o n  of  t h e  Y r e s i d u a l s ;  

AV = - REYo / WO' 

where 

RHO W, ' = - 2 (VDR/HY~ + SHM/HX~)  - 

AREYO = - REYO 

R E Y ~  = o 

The new r e s i d u a l  REYl a t  Node 1 w i l l  be 

where 

w/ = sHM/Hx2 

and 

REYs = REYO (1 - Wl '/Wo) 



104 

where 

where 

W2‘ = VDR (1/HY2 - 1 / 2  HY3) .  

Since t h e  l a r g e s t  r e s i d u a l  a t  t h i s  s t a g e  is  a t  node 2 ,  t hen  l i q u i -  

d a t i n g  node 2 w e  o b t a i n  t h e  new r e s i d u a l  a t  node 0 as, 

It can be shown e a s i l y  t h a t ;  

t h e r e f o r e  

and 

R E Y ~ ’  < REY, 
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After n i terat ions ,  

REY, = REY, (S)n 

and there for e 

REY, --3 0 as n 3 0 3  n 



APPENDIX C 

A PROPOSED ELASTO-PLASTIC ANALYSIS 

The purpose o f  t h i s  s e c t i o n  i s  t o  develop a s t r e s s - s t r a i n  r e l a t i o n  f o r  

s o i l s  a f t e r  y i e l d .  S ince ,  f o r  a p a r t i c u l a r  r eg ion ,  y i e l d i n g  does not occur  

s imultaneously,  a y i e l d i n g  c r i t e r i a  should be considered.  The one considered 

h e r e  i s  t h e  von Mises - Hencky c r i t e r i o n  (5)* which states t h a t  y i e l d i n g  w i l l  

occur when t h e  p r i n c i p a l  stresses 01, a, and a3 a t t a i n  va lues  such t h a t ,  

where K i s  a cons t an t  f o r  a p a r t i c u l a r  material. 

Evident ly  K depends on t h e  conf in ing  p r e s s u r e  f o r  s o i l s  and hence i t  

is a func t ion  o f  depth.  For a p lane  s t r a i n  problem a3 i s  no t  zero and hence 

w e  assume t h e  l a t e r a l  s t r a i n  r a t i o  t o  be  0 .5  so t h a t ,  

a, + 02 
2 a3 = 

So t h a t  Eq C-1 t akes  t h e  form 

o r  

16 K2 (a, - oy)2 + 4 a = - 
XY 3 

Here t h e  y i e l d  func t ion  @ i s  def ined  as 

@ = 1/4 (a, - oY)' + a - e = 0 
XY 3 

* I n  Ref. 5,  H i l l  r ep l aces  8 K2 i n  Eq C-1 by 6 K2. 

106 
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The y i e l d  cond i t ion  r e p r e s e n t s  a s u r f a c e  which is t h e  y i e l d  Locus. It 

can be shown t h a t  such y i e l d  s u r f a c e  i s  Convex ( 6 ) ,  

Consider ing t h e  increment d@, then 

t h e  v e c t o r s  * and dox a r e  or thogonal .  
X 

S ince  t h e r e  i s  no s t r a i n  hardening;  then 

dex da  = 0 
X 

And i n  terms of t h e  p l a s t i c  p o t e n t i a l  @, 

where 

dc: . 
d t  i j  
_ij o r  k then  The term de  can be rep laced  wi th  

i j  

Applying t h e  above p r i n c i p l e s ,  t h e  fo l lowing  i s  obta ined  



o r  

where 4 i s  a f u n c t i o n  of t h e  s t r a i n  rate. 

To f i n d  $, s u b s t i t u t e  t h e  va lues  of CJ CJ aad CJ i n  terms of 
x' Y XY 

s t r a i n  rates i n  Eq C-2 and $ can be ob ta ined  as 

4 can be t r e a t e d  as a cons t an t  which should be computed f o r  t h e  

in s t an taneous  s t r a i n  rates, i n  t h e  same sense  t h a t  t h e  modulus of  deformation 

E '  and la te ra l  s t r a i n  r a t i o  v '  are computed f o r  each p a r t i c u l a r  a x i a l  s t r a i n .  

Equation C-4 s a t i s f i e s  t h e  cond i t ion  fi = 0 and alsp has  t o  s a t i s f y  

t h e  cond i t ions  of equi l ibr ium. The d e f i n i t i o n s  f o r  s t r a i n s  used i n  Chapter 11 

are f o r  f i n i t e  deformations and hence can b e  used f o r  t h e  cond i t ions  a f t e r  

y i e l d  and hence t h e  equ i l ib r ium equat ions i n  terms o f  displacements can be 

developed as follows: 



and also 

t: = li (1 - ux) 3. vx 4 (a) 

t: = c (1 - Vy) - uy liy (b) (C- 5) 

X X X 

Y Y  

f :  = G (1 - ux) f GX (1 - vy) - uy iix - v 4 (c) XY Y X Y  

In finite difference form Eq C-5 can be written as: 

'j3k-1 j - ci,j,k ( Bi,j,k - Bi, 
HT k ~ ( 1 - B  

X i,j& 

[ 'i,j,k - 'i,j,k-l I' HT (a) 

) ( Fiy j,k - 'i,jYk-1 
Y i,jSk HT I - Ri,j,k E: = ( l - F  

HT (b) (C- 6 )  

Y 1. 6 = (1 - Bi,j,k HT Fi, j,k 1 XY 

- i  ) 
YYIY 3* Y,Y X,Y 

4 cr = -  ( 2 6  
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1 
CT = - ( E :  ) 
XY,Y Jr XY,Y 

Substituting Eq C-7 in Eq C-6, the equilibrium equations after yield 

are obtained in terms of displacements. 

BB (2.7 AA + MM) - FF ( 0 . 3 3  EE) - BK AM - CC DN a- 
GG FK ’ Li,j,k (2.7 DD + FN) + 0.33 (Qi - ‘i,j,k ,j,k 

1 [ FF (2.7 FN + DD) - BB (0.33 LL) - FK (DNN) 
J r ’  

where 

BB = I. - Bi, j,k 

AA = (*i,j,k ... Ai,j,k-l ) / HT 

M M =  (Mi, j,k - Mi, j,k-1 1, IHT 

Fi, j,k F F = 1 -  

EE = (Qi,j,k - ‘i,j,k-l ) / HT 

FN = (Ni , j,k - Ni, j,k-1 / HT 

BK = (Bi ,j,k - ‘i,j,k-l ) / HT 



111 

cc = (Ci , j , k  - ' i , j , k - l  ) / HT 

- ) / HT (Di, j , k  Di, j , k - l  DD = 

) / HT , j , k  - ' i , j , k - l  FK = (Fi 

- ) / HT GG = (Ri 

LL = ( L i , j , k  - L i , j , k - l  ) / HT 

AM = 2.7 A 

DN = 2.7 D 

, j , k  Ri, j , k - 1  

+ Mi i J y k  , j , k  

i, j , k  + Ni, j , k  

DNN = 2.7 N + D  i , j , k  i , j , k  

AAM = 2.7 M + Ai i, j , k  , j , k  

All t h e  o t h e r  terms have been de f ined  i n  Chapter I V .  

For nodal p o i n t s  a t  one increment l eng th  from any boundary where 

s t r e s s e s  are s p e c i f i e d ,  Eq C-8 has t o  be modified and then  i t  t akes  t h e  form: 

A t  t hose  nodal p o i n t s  where 5 i s  s p e c i f i e d ;  
Y 

AA (C-9a) 
Ri, j , k  cc - 

'i, j , k  [ (BB) LL - GG Ai , ,k + FF DD - 

EE ] - (ps) RHO + PHO = REYi 
i , j , k  FK - 'i, j ,k , j , k  BK - D - L i , j , k  

The o t h e r  equat ion which has t o  be s a t i s f i e d  i s  t h e  same as C-8a. 

For those  nodal p o i n t s  c l o s e  t o  where 0 i s  s p e c i f i e d  as zero;  
X 
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'I 1 cc [ ( $ $  ) ( E i , i , k  - e  'Y i , j , k  ) + -  [ BB MM - N i , j , k  
HX 4 

+ FF EE - Li, j ,k  GG - C i , j , k  FN - Qi, j , k  FK - M i , j , k  

i , j , k  
LL - (PH) RHO = REX BK - R i , j , k  (C-9b) 

The o t h e r  equat ion  which has  t o  be s a t i s f i e d  i s  t h e  same as C-8b. 

Following t h e  same procedure as i n  t h e  below y i e l d i n g  case, two resi- 

dual  l i q u i d a t i o n  p a t t e r n s  are  obta ined .  For t h e  l i q u i d a t i o n  of t he  X resi- 

dua l s  (REX), and t h e  l i q u i d a t i o n  o f  t h e  Y r e s i d u a l s ,  t h e  p a t t e r n s  are shown 

i n  F igs ,  C - 1  and C-2. 

Method of  So lu t ion  

1. Compute t h e  va lue  o f  t h e  y i e l d  func t ion  @(oi ,) a t  each nodal 
Y J  

po in t .  This  can  be done a f t e r  s e l e c t i n g  i n i t i a l  va lues  o f  u and v a t  each 

nodal po in t .  

2. I f  @ i s  nega t ive ,  t h a t  means t h a t  t h e  material a t  t h a t  nodal 

po in t  has  not  y i e lded  y e t ,  and t h e  s o l u t i o n  goes on us ing  t h e  r e l a x a t i o n  

p a t t e r n s  i n  Fig.  4-2 and Fig.  4-3 toge the r  w i th  t h e  Eq. 4-1. 
\ 

3 .  I f  @ i s  zero o r  p o s i t i v e  t h a t  means t h a t  t h e  material has 

y i e lded ,  t h e  equi l ibr ium Eq C-8 t oge the r  wi th  t h e  r e l a x a t i o n  p a t t e r n  shown i n  

Figs .  C-1  and C-2 has t o  be used. 

L iqu ida t ion  process  fol lows t h e  same s t e p s  as o u t l i n e d  i n  Chapter I V .  

A t  each node t h e  d e f i n i t i o n s  o f  REX and REYi toge ther  wi th  t h e  

r e l a x a t i o n  p a t t e r n  are d i f f e r e n t  depending on whether t h e  va lue  of  @ i s  

i , j , k  , j , k  

nega t ive  o r  p o s i t i v e .  

I f  t he  below y i e l d i n g  a n a l y s i s  can be c a l l e d  nonl inear  e las t ic  a n a l y s i s ,  

then t h e  above a n a l y s i s  i s  s t r i c t l y  nonl inear  e l a s t i c - p l a s t i c  a n a l y s i s .  A 
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AUX = I 

FICG, C-1 

LIQUIDATION OF X RESIDUALS AFTER YIELD 
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F I G .  C-2 

LIQUIDATION OF Y RESIDUALS AFTER YIELD 
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p l a s t i c - e l a s t i c  s u r f a c e  can be obta ined  f o r  a p l ane  s t r a i n  problem a t  a 

p a r t i c u l a r  t i m e  s t a t i o n .  

A computer program has been w r i t t e n  f o r  the s o l u t i o n  o f  an e l a s t o -  

It i s  e s s e n t i a l l y  an ex tens ion  f o r  t h e  f i r s t  program f o r  p l a s t i c  problem. 

t h e  below y i e l d i n g  case.  The s t o r a g e  requirement f o r  t h e  e l a s t 9 - p l a s t i c  

problem i s  a problem by i t s e l f .  

needed t o  s o l v e  any p r a c t i c a l  problem. 

t o  determine t h e  v a l u e  o f  K 

A computer w i th  large s t o r a g e  capac i ty  i s  

Extens ive  experimental  work i s  needed 

t o  be used i n  t h e  y i e l d  func t ion  @(Oiyj ) .  

Due t o  t h e  above d i f f i c u l t i e s  t h e  wri ter  has  not  been a b l e  t o  o b t a i n  

an e l a s t o - p l a s t i c  s o l u t i o n  f o r  any o f  t h e  problems mentioned ear l ie r .  It i s ,  

however, t h e  writer’s b e l i e f  t h a t  a s o l u t i o n  can be  obta ined  i f  t h e s e  d i f f i -  

c u l t i e s  were t ack led ,  e s p e c i a l l y  i f  an appropr i a t e  v a l u e  o f  K i s  found. 
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PROGKAM ERF I INPUT,  OUTPUT) 
7 READ 1,R 9 C,D, RR 

C __--- - RR RATE OF LOADING CORRESPONDING TO WAX. LOAD 
C __---_ ---R R A T E  OF LOADING 
c---------- - C AND 0 ARE L I M I T S  OF INTEGRATION 

1 FORMAT( 3 E10.3) 
If ( R ) 9 9 1 4 9 1 8  

8 Z = (R/RR)*3.0 
IF( 2 - C )  2 , 2 9 3  

2 Z Z =  D * Z 
GO T O  4 

3 z z = z - c  
4 N = O  

PART = Z Z  
SUM = 2 2  

5 N = N + l  
PART= - PAH T*ZZ+ZZ/N 
TERM= P A R T / ( Z + N + l )  
SUM = SUM + TERM 

IF( ABSF(TERM1 - d*i)000~01) 6 , 5 9 5  

IF( Z-C) 1091@,11 
6 E = l .  1283792*5UM 

10 E = E + 0.056 
11 P R I N T  1 2 ,  R I C  
1 2  FORMAT( lOXg16HRATE OF LOADING = t10.3 ,lOX,13HPULT/PULTMAX=k10*3) 

GO T O  7 
99 CONTINUE 

END 
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1 2  FORMAT ( l b A 5  1 
2 4 0  FORMAT(. 5 x 9  2 1 5  ) 
1 5 3  FORMAT( 5 x 1  E 1 0 0 3 1  

414 FORMAT I A 5 1  5 X  914A5 ) 
11 FORMAT 5HI I 80X910Hl- - - - -  TRIM ) 
1 3  FORMAT ( 5X 9 1 6 A 5  ) 

5 1 5  FORMAT ( / / / 1 0 H  PRO9 9 / 5X9  A59 5 x 9  1 4 A 5  1 
2 0  FORMAT ( 1 O X  9 1 4 1 5  / 2 E10.3 1 
2 1  FORMAT ( / / 3 0 H  TABLE 1 CONTROL DATA 9 

1 2 7 7  FORMAT( 2 E 1 0 0 3  ) 

1 / 4 4 H  NUMbER OF ITERATIONS FOR X 013 Y CLCISUKt 9 1 5 9  
2 / 4 4 H  TOLERENCE La 9t10.39 
3 / 5 2 H  PRIlLT OUT OPTION FOR DATA (NO P K I N T  OUT I t  Z t H O i  
4 5  

2 4  FORMAT(5X931596E10.3 / 5X9E10 .3 )  
2 5  FORMAT ( / / 2 8 H  NUM INCREMENTS MX 9 40x9 159 

1 2 8H NUM 1NCREMENTS M Y  9 40x9 159 
2 28H NUM INCREMENTS MT 9 4 0 x 9  159 
3 28H lhCREMENT LENGTH HX 9 40x1 t10.39 
4 28H INCRLMENT LENGTH HY 9 4 0 x 9  E 1 0 0 3 9  
5 2 8H 1lLCRtMENT LENt iTh HT 9 40x9 t 1 0 . 3 ,  
6 28H MASS DENSITY 9 40x9 E 1 0 0 3 9  
7 2 8 H  U N I T  d T e ( L U / C U o I N . )  9 4 0 x 9  t 1 0 - 3 9  
R 2 8H LOADING R A T E ( I N / S E C  ) 9 4 0 x 9  E 1 0 0 3 9  
9 28H LOADING WIDTH ( I N )  9 40x9 E 1 0 0 3  ) 

27 FO'I?IAT( 8E10.3) 
41  FORMAT ( / / / 3 0 X 9 2 3 H S P E C l F I E D  DISPLACEMLNTS 9 

4 0  FORMAT 
1 / 5 5 H  I J K x U I 5 P  Y O I S P  

( 10X  9 I 2  92OX 9 1292OX 9 I 2 9 2 O X  , E 1 0 0 3  ,LOX ,E100 3 1 
5Cl  F O R M A T  ( 5 x 9  3 1 2 %  4 E 10.3 1 
530  F9RMAT ( / / / 3 0 X 9 1 8 H  I R l l T I A L  KESIDlJALS 

9 3 6 3  F O R M A T  ( / / / 3 0 X 9 1 8 H  F I N A L  I IESIDUALS 

9 5 6 5  FORMAT( 5 x 1  312r2X, t10.3,LX, t10.3 1 

1 / / 1 5 X 1 3 8 H I  J I( REX REY 1 

1 / / 1 5 X 9 3 8 H I  J K REX REY 1 

7 9 9  F O R M A T ( l X 9 3 1 2 9  ? E 1 0 0 3 1  
6 8 1  FORMAT ( / / / 3 0 X , 2 7 H L 1 0 U I U H T I O N  OF X K ~ S I 1 ) U H L S  9 

1 40t1 I J K RESX 1 
6 8  FORYAT ( 1 x 9 1 2  9 1 5 x 9  I2 9 1 5 x 9  I 2  9 1 5 X  9 E1C.3 1 I 2  9E10.31 

7 1  F O F M A T  ( / / 15X ,48HNO X CLOSURE W I T H I N  S P L C I F I E U  I N I T I A L  TCLERANCE 
9 0 1  FORMAT ( / / / 3 C X 9 2 7 H C I W U I D A T I O N  OF Y RESIDUALS 9 

9 2  F O R M A T ( l X ~ 1 2 ~ 1 5 X ~ I 2 ~ 1 5 X ~ I 2 ~ 1 5 X ~ E 1 0 ~ 3 ~ E l U ~ 3  ) 

2 0 2  FORMAT ( 5 x 9  1 5 )  
1 0 8  FORMAT ( / / 1 5 X 9 3 8 H N O  CLOSURE W I T H I N  S P E C I F I E D  TOLtRANCt  1 
2 0 7  FORMAT ( / / 3 5 X 9  8HRESULTS 9 

1 55HUX b! Y RESX RESY 

1 4 0 H  I J K RESY 1 

PRINT 1 0 1 2  
1 2 1 2  FORMAT( 1 H 1  

6 0 0 1  F O R M A T ( l X 9 3 1 2 9 4 E 1 0 * 3 )  
7 4 4 7  FORMAT( 5 x 9  4 1 5  1 

107 F O R M A T ( / / 5 X ~ I 2 ~ 2 X , I 2 ~ ~ X ~ ~ 2 ~ 5 ~ ~ ~ l ~ ~ ~ ~ 5 X ~ t l O ~ 3 ~ 5 X ~ ~ l O ~ 3 ~ 5 X ~ ~ l O ~ ~ ~  

%TEST = 5H 
PRINT 1212  

l f I ~ 0  PRINT Id 
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94 
8015 

C 

1010 

1020 

C 

FORMAT ( / / / 4 2 H  NO CONVERGENCE WITHEN S P E C I F I E D  TOL 1 
FORMAT( 10X97E10.3 / 10X95E10.3 1 .  
PROGRAM AND PROBLEM 1 O E N T l F I C A T I Q N  
READ 129 I A N l ( N 1 9  N 1 9  32 1 
READ 4149 NPROUr ( A N Z ( N 1  9 N = 1 9 1 4  1 

SUMT = 0.0 
I F (  NPROB - MTEST) 10209 9999 1020 

P R I N T  11 
P R I N T  1 
P R I N T  1 3 9  ( A N l ( N ) ,  N = 1932  1 
P R I N T  5159NPROB9 ( A N 2 ( N )  9 N = 1 9  14 1 
INPUT TABLE 1 9  CONTROL DATA 
READ 8 ~ 1 5  9 AP1 ,AP29AP3rAP49AP59AP6,AP7 ,CP l9CP29CP3?CP4?CP5 
READ ~ ~ ~ K P O I K A S E ~ K O L E , K T E S T ~ J T E S T ~ I T E S T ~ N T E S T ~ L T ~ S T ~ I M T J ~ ~ C B ~ ~ C B ~  

1 K B  9 LB 9 TOL 9 TOLP 
P R I N T  219  IMI TOL 9 PO 

READ249 MXIMY~MT, A L X I A L Y I H T ~ R H O , P H O ~ R A T E , M D  
c--------- I N P U T  AND PRINTOUT OF CONSTANT5 

C COMPUTATION FOR CONVLNILNCE 
HX= A L X /  MX SMXP1 = MX+1 
r lY= A L Y /  MY 
MTP3 = PIT + 3  

P R I N T  25,  K X ~ M Y , G T , H X ~ H Y ~ H T , R H O , P H O , R A T E V W D  
c--------- TYPE OF PROBLEM T O  BE SOLVED 

GO TO ( 4 9  5 9  6 1 9  J B  
4 JSS = 1 

J S S l  = J S S  + MY 
J S 2  = J S S l  + MY 
JSS2 = J S S l  + 1 

J S I  = J S 2  - 1 
J T T =  2 

I F  ( C 6 1 )  1 0 4 ,  1 0 5 ,  104 
l U 5  J = l  

UO 17 I = 1, MXP1 
DO 17 K = 39 NTP3 

READ 177, S T Y ( I , J , K )  
177  FORMAT ( 5 x 9  flO.3) 

1 7  CONTINUE 
GO TO 34 

1 C’4 J = l  
DO 18  I = 1, M X P l  
DO 1 8  K = 1 9 MTP3 

S T Y ( I , J , K )  = 9.0 
1 8  CONTIbiUE 

G O  To 34 
5 I F (  I T E S T )  1519 1 5 2 9  1 5 1  

1 5 1  READ 1 5 3  9 MMY 
JSS= MMY+1 
J S S l  = JSS+ MY 
J S 2  = J S S l  + MMY 
J S S 2  = J S S 1  +1 
J S 4  = J S S - 1  
J S I  = J S 2  - 1 
J T T =  2 

GO TO 3 4  
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1 5 2  JSS= M Y + 1  
J S S l  = MY + MY+ 1 
J52 = J S S l  + MY 
JSS2 = J S S l  + 1 

J S I  = J S 2  -2  
J T T  = 2 

GO TO 3 4  
6 I F  ( I T E S T  1 6 6 6 6  9 6 6 6 7 ,  6 6 6 6  

6 6 6 6  READ 1 5 3 ,  M M Y  
J S S  = MVY +1 
J S S l  = JSS+ M Y  
JSS2 = J S S l  +1 
J S 4  = JSS- 1 

J S l  = J S 2  - 1 
J T T  = 2 
GO TO 6 6 6 8  

6667 READ 202 ,  Y M 1  

J S 2  = J S S l  + M M Y  

J S S  = Y M I  +I % J S S l  = Y C i l  + M Y  + 1 
J S 2  = J S S l  + M Y  
JSS2 = J S S l  +1 
J S I  = J S 2  -2 

J T T  = 2 
6.668 I F (  C R 2  ) 1 0 4 ,  l U 5 v  104 

3 4  1 = 1  
K = 3  

IF( K P O )  5111,  5110,  5 i l l  
5 1 1 1  PRINT 41 
5 1 1 0  I F (  ELTEST) 4 1 1 G r  41121 4110  
4 1 1 2  J =  J S S  

J S S 3  = JSS+1 
READ 2 7 9 UX ( I J 9 K ) r Ij:Y ( I 9 J r K ) 9 UX ( I 9 J 9 K+1) 9 WY ( I J 9 K+ 1 9 UX ( I 9 J 9 K+2 9';; 

1 ( I ,J r K + 2 )  ,UX( I ,  J,K+3 ) r W Y  ( I ,J,K+3 1 

DO 4 1 1 6  J = JSS3,  J S S l  
L I X (  I , J ,K)=  U X (  1 9 J - 1 9 K )  
W Y ( 1 9 J 9 K ) = 

J S S 3  = JSS+1 

W Y ( 1 9 J - 1 9 K 
U X ( I , J , K + l ) =  U X ( l , J - l s K + l )  
WY ( I 9 J 9 K+ 1 WY ( I r J- 1 9 K+ 1 1 
' J X ( I , J , K + Z ) =  U X I I , J - l , K + 2 )  
N Y ( I , J , K + Z ) =  N Y ( i , J - l , K + Z )  
U X ( I * J , K + 3 ) =  U X ( I r J - l , K + 3 )  
kJY( 1 ,J ,K+3)= LVY ( i , J - l r K + 3 )  

= 

4116 C O N T I N U E  
<= K + 4  

I F (  K-MTP3 ) 4112, 4 1 1 2 ,  4111 
h110 I F (  I TEST 1 2 1 1 4 ,  2 1 1 3 ,  2114 
7114 DO 2 1 1 7  J = JSS,  J S S l  

2 1 1 7  CONTINUE 

2 1 1 3  DO 3 u  J = J S S  9 J S S l  

READ 1 2 7 7  9 U X (  I , J ,K )  9 W Y (  I ,J,KI 

GO TO 4119 

REA0 27,UX ( I ,J t K  ) J ~ Y  ( 1 ,J,K) rUX ( I ,J,h+l) t W Y  ( I ,J,K+l)  ,UX( I ,J,l i+Z 1 9 ~  

1 ( I ,J ,K+2 1 rUX ( 1, J r K + 3  1 , i l Y  ( I ,J ,K+3 1 
3 0  CONTINUE 
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K= K+4 
I F  ( K - MTP3 1 4110 9 4110 9 4111 

4111 I F (  KPO) 411, 4119,411 
411 DO 4 1 1 8  J = JSS,  J S S l  

DO 4 1 1 8  K = 3 9 MTP3 
I N 1  = 1-1 
J N 1  = J - 1 
K N 1  = K - 2 

PRINT 4 b , I N l r  JN1,  KN1, UX( I , J ,K ) ,  k Y ( 1 r J v K )  
4 1 1 8  CONTINUE 
4 1  19 DO 399  I = 1 9 M X P l  

UO 3 9 9  J = 1, J S L  
UO 3 9 9  K =  1, 2 

U X ( I , J , K )  = 0.0 
k Y ( I , J , K )  = 0.0 

399 CONTINUE 
K = 3  

896 1 DO 1 4 5  I = 2 9  MXP1 
DO 1 4 5  J = JSS,  JS2 
U X ( I , J , K )  = U X ( 1 , J I K - 1 )  

W Y ( I , J , K ) =  W Y ( I I J 9 K - 1 )  
145 CONTINUE 

J S 2  = J S 5 1  + MY 
JSS2 = J S S 1  + 1 

I F (  J T E S T )  7 4 0 7 ,  7 4 0 8  9 7 4 0 7  
7 4 0 7  READ 7 4 4 7  9 I T T 1 ,  I T T L ,  J T T 1 ,  J T T 2  
740 8 I F (  JSS- 1 1 7 1 7 ~ 9  7 0 3 ,  8 

8 J S 4  = J S 5  - 1 
D O  1 4 7  J = 1, J S 4  
U O  1 4 7  I = 29  blXP1 

U X (  I , J , K )  = 0.0 
W Y ( I * J , K )  = " 0 0  

1 4 7  CONTI NUE 

7:;O I F (  KASE) 7 0 0 1 9  7 4 0 2  9 7 0 0 1  
GO TO 7 0 0  

7UU1 PRINT 5 u O  
7U(i2 J S I  = J S 2  - 1 

J S 4  = J S S  - 1 
I F (  JTEST 1 7 5 0 3 ,  7 5 0 7 9  7 5 0 8  

75\18 DO 7 4 0 9  I = I T T 1 ,  I T T 2  
DO 7 4 0 9  J = J T T 1 ,  J T T 2  

U X ( I I J , K )  = 0.0 
W Y (  I IJ IK)  = 0.0 

7 4 9 9  CONTI NUE 
7 5 b 7  GO TO ( 8 1  9 4 t 81 1 9 JU 

8 1  DO 1 4 4  I = 1 9 MXP l  
t J X ( 1 , l q K )  = 2.0 * L l X ( 1 1 2 9 K )  - U X ( 1 9 3 , K )  
bdY(1919K) = 2.0 * C ' Y ( I 9 2 9 K )  - k I Y ( I 3 3 , K )  

1 4 9  CONT I NUE 
I F  ( J 5 S  - 1 ) 7 9 7 9 7 3 0 7  

7 3 0 7  DO 1 5 0  J = 2 9 J 5 4  
U X ( 1 , J I K )  = 2.0 * t J X ( 2 9 J 9 ~ )  - U X ( 3 9 J 9 K )  
w Y ( 1 9 J 9 K )  = 2.C * i v Y ( 2 , J i h )  - 'hY(3,J ,K)  

150 CONTINUE 
GO TO 7 
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IF( 
1 5  

1 

812 
5 1 3  

1 
2 

8 1 4  
8 1 5  

1 

8 16 
1S16 

1 
2 

16 
8 2 0  
8 2 2  

1 
2 

1 
2 

8 2 3 
E24 

1 
2 

1 

9 2 5  
826 

I - 
1 

827 
1827 

1 
2 

1 

5 2  1 
82 3 

1 

I F  
I F  

IF( 
IF 

IF t 
IF( 

IF( 
i f  
IF 

IF ( 
IF 

IF( 
IF 

I F  ( 
,IF( 

IF ( 
I F  

1 
2 

I F  ( 
3 2 3  
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7 0 2 3  G= t U A ~ I ~ J I K )  - i J X i I , J - l t K t ) i r H \ t )  
GO T O  7 0 2 5  

7U24  I F (  J - J L 4 2  f 7 1 2 4 ,  7 1 2 4 7  7 6 2 2  
7 1 2 4  G= ( U X ( I , J + l , K )  - U X ( I , J + K ) ) / ( H Y )  

7099 I F (  1-1 1 7 0 9 0 ,  7090, 7 0 8 9  
7090 I F {  J .. J 3 4  1 7 u 1 2 L r  7312, % 7 - 9 2  
7 0 9 2  I F (  J - J S S )  7091, 7 0 9 1 9  7 0 2 9  
7 9 9  1 G= I U X I I , J + l , K )  - u X i I , J , K ) ) / i H \ )  

GO I O  7 u 2 5  

GO T O  7 0 3 9  
7 3 8 9  I F (  J - J s ~  1 7 ~ 1 2 1 ,  7 ~ 2 3  9 7 u 9 8  
7 0 9 8  I F (  J - J S S )  7 1 2 4 ,  7 1 2 4  9 7 0 1 2 1  

7 0 1 2 3  EEA= At3sFi Ent I ,J,K) 
DDM= AP1 + ( k P 2 * E E X ) + ( A P 3 * ( E E X * * 2 ) ) + ( E E X + w 3 ) ) + ( A P 5 *  

1 EEX**4 )  l + \ A P 6 * i E E X * * 5 ) ) + ( A P 7 + . E E X + + 6 ) )  
IF( D D V )  4 9 4 4 9 4 9 4 4 9 4 9 4 5  

4 9 4 4  D@M= 25. 
4 9 4 5  PNU=CPl+(CP2*EEX)+(CP3*(E€X**2))+(CP4*(EEX**31 ) + ( C P 5 * ( E E X * * 4 ) )  

I F (  PNu 7 5 8 9  7 5 8 ,  1 7 5 8  
1 7 5 8  IF( PNU - 0 .49 )  7 5 7 9  7 5 8 ,  7 5 8  

7 5 8  PNu = u.49 
7 5 7  VEM=( PNU*DDM)/ ( ( l o o +  PNU)* ( lmO-2.O*PNU))  

3HM = DDr4 , 2.3*,1. ,  + P N L ' ) )  
()bl = 2 0 > *  SHP' 

V 3 R  = ( V E X  +DV ) 

VSR = I V E M  + SHM) 
7C125 E Y =  F - \ l o v i 2 m u ) * (  F**2 3. G**2 1 

E X Y = (  b + C ) - ( b * E ) - - ( F * C )  
3 I GMA I = ' v E M * , E , , . I ; J ~ K I + E I  1 + D M * ~ T  
R E X ( I , J , K ) = V E M # ( E X ( I , J I K )  +EY)  + D ? 4 * t X ( I , J , K I  
i Au = dHb1 E A ,  

PRINT 166,I,J,KqREX( I,J,K1,.5ICfllAY 9TAU,UX( 1 9 J y K )  ,WY( I ,J,K)  
1 0 6  FORMA I 1 5 ~  9 IS 9 I.,* I 2  j 1,'. , I 2  ; 2 A ,  E l  3 .2 , ,  2 E l ,  3 > 3:. , E ~ L  3 ,  2,, 9 t I., 3 9 Z;, 9 k 

110.3 ) 
5 1 u 5  CONT IPiUE 

I = l  
J S s 3  = J a ~ l  - 1 

PRIKT 6 1 0 4  
6 1 b 4  F O R M A I ( l U X ~ 7 7 H I O I A L  HORIi. FOliCE OR! P L A I E  \ L H )  1 IMEiaEC) 

6 1 u 7  su;~i = U O U  

1 MOVEVEhT rjF THE PLATE 1 

EO 6103 J = JSS, J S S 3  
sU?.i= s b l Q + \  ~ R E A ~ I  ,J,k)+ d i h t I r J + l r K )  1 4  t 2 - b )  ) * H f  

SU>.IF= sub?*nUL, 
T T  = ( K  - 2 1 * HT 

2 5 X 9 E 1 (J 3 I 1 5X 9 E 10 3 9 1 5 X 9 E 10 3 

61J3  CONTINUE 

PRINT 6 1 9 6  9 >uMFt 1 1 ,  b A 1 1 9 1 , K )  
6 106 FORNA T ( 

I F (  SUYF >ui!I 1 6 7 u 1 .  l v l w ,  111, 
6 7 3  1 SUMT = SIWF 

K = K + l  
I F  ( K- N T P 3 )  9 6 1  9 9 6 1 ,  1111 

96 1 I F (  1IL.51 '39629 8 4 6 2 ,  8 9 6 2  
8 9 6 2  READ 2411, MY 9 Mfi'Y 

J b S  = W 4 r  +1 
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J S S l  = JSS + MY 
J S 2  = J S S l  + MMY 
JS4 = J33- 1 
J S I  = J S 2  - 1 
J T T  = 2 

1 = 1  
DO 2 1 1 9  J = J S b r  Jaa1 

R E A @  1277 9 U X ( I , J , K )  9 WY(I,J,K) 
2119 CONI INUE 

1111 P R i N l  1 2 1 2  

7 3 0 9  I I  = I B J I  = J 

GO TO 8 9 6 1  

GO T O  1010 

GO TO 5 0 0 9  
5907 FDX = u.1 * A B ~ F I R E A \ I , J , K ) )  

I T = I  $ J T = J  
YN = l e u  
I T E R =  1.0 

I F (  KOLE) 6 l U 1 ,  6u9  6 1 ~ 1  
6 1 9 1  PRINT 6 8 1  

c--------- L I G u I D A I  IQN OF X IIE,IDuAL, 
60 DO 5 1  I = I T  9 PAX 

00 5 1  J = J I ,  J a I  
I N =  I + 1  

JN = J +1 
I N 1  = 1-1 

J N 1  = J - 1 
EEX= A d S F (  k X ( I , J , K ) )  
DDM= AP1+ iHP2*EE.A)+\ A P 3 * - , t k ~ * * 2 )  ) + , A P 4 * , E E X * * 3 ) ) + \ ~ P 5 ~ \  

1 E E X * * 4 ) ) + ( A P 6 * ( ~ E X * " 5 ) ) + ( ~ \ P 7 ~ ( t ~ X ~ * 6 ) )  
I F (  DDM) 4 9 4 6 , 4 3 4 5 , 4 9 4 7  

4 3 4 6 DDY= 25. 
4 9 4 7  P N U = C P ~ + ( C P ~ * E E ~ ) + ~ C P ~ * ~ E E A * * ~ )  ) + \ C P ~ * ( E E ~ * * ~ ) ) + ( C P ~ * , E ~ A " * ~ )  

I F (  PNV 1 7 6 0 ,  76C, 1 7 6 0  
1 7 6 d  I F (  PNU - ~ 0 4 9 )  7 5 9 ,  7 6 v 7  7 6 "  

7 6 0  PNU = 0.49 
7 5 9  VEM=r PNu*UDN)/ i t l ~ v +  P N u ) * i 1 . ~ - 2 * w * P N w ) )  

SHM = DDM / ( 2.0*(100 + P N U ) )  
DM = ~ O U *  aHP 

V S R  = (VEIV? + SHM) 
VDR = (vEM +!lP 1 

I F (  JTEST) 5 0 1 6  9 5 0 1 1 ,  5 0 1 6  
51316 I F (  I -1 IT1)  5 ~ 1 1 ,  6 4 1 3 , 6 4 1 6  
6 4 1 3  I F (  J - J T T 1 )  5 0 1 1 ,  51, 6 4 1 5  
6 4 1 5  I F (  J - J t 1 2 )  5 1 7  5 1 ,  5 u l l  
6 4 1 6  I F (  I - I T T 2  ) 6 4 1 3 ,  6 4 1 3 ,  5 0 1 1  
5 0 1 1  I F (  K - 3 1 5 5 ~ 1 9  5 5 ~ 1  t 5 5 u 2  
5 5 0 1  DELPX= - REX( I , J , K ) / (  ( -2 *O*VDR)* (  ( 1 * O / ( H X * * 2 )  ) + ( S h i * l / ( V D R *  

1 ( H Y * * 2 ) ) ) ) )  

1 * * 2 )  1 )  1 ) 
DELRX= D E L P X * ( (  - ~ ~ O * V D K ) * ( ( ~ O ~ / ( H X * * ~ ) ) + ( S H M / ( V D ~ * ( H Y  

GO TO 5 0 1 4  
5 5 0 2  DELPA= - RE,;, I ,J B K ) ,  . .-2.,*,UR)*. ; lo,. .H).**2 1 )+.,HY/ DK* 

5 0 8  8 DELRX= ! j E L P n * \ r  - Z O U X V D R ) * \ \ ~ . U A ( H A * * ~ ) ) + ~ ~ ~ ~ ~ / ~ ~ D I ~ * \ ~ ~  
1 ( H Y * * 2 ) ) ) )  - ( R H O / ( H T * * 2 ) )  1 
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3 4 4 8  CONTINUE 
6 0 2  DO 3449 J = J S S 2  9 J S I  

WYtl ,J ,K)  = 2mG * n Y : 2 1 J s K l  - ;.Y;3sJ,K) 
U X ( l 9 J * K ) =  2mO*UX(29J9K)-UX(3 ,J ,K)  

IF t L B  1 98849 3449, 9884 
9 8 8 4  U X (  I ,J ,K)  f 0.0 

WY( 1 ,JgK)  UoU 
3 4 4 9  CONTI NUE 

c--------- COMPUTATION OF NEW Y REJIDwALJ 
DO 5 0 7  I = 2 9  MX 

DO 5 0 7  J = J T l  9 J s ~  
EEX= ABSF(  E X ( I I J , I O )  

1 EEX**4))+(AP6*(EEX**5))+(AP7*(EEX**6)) 
8 4 4 5  DDM= AP1+ ( A P ~ * E E A ) + L  A P ~ * L E E x * * ~ ) ) + . A P ~ * ( E E X * * ~ ) ) + ~ A P ~ * ~  

I F (  DDM) 4 9 4 0 9 4 9 4 ~ 9 4 9 4 1  
4 9 4 0  DDM= 25. 
494 1 P N U = C P I + ( C P ~ * E E A ) + ~ C P ~ * ~ E E A * * ~ )  ) + , C P ~ * ( E E A * * ~ ) ) + ~ C P ~ * , E E A * * ~ )  1 

1 7 6 2  I F (  PNU - ~ 0 4 9 )  7 6 1 ,  7 6 1 ,  7 6 2  
I F (  PNU) 7 6 2 9  7 6 2 ,  1 7 6 2  

7 6 2  PNU = 0.49 
7 6  1 VEM=\ PNb*DDIbl)/ (rl.u+ P N v ) * ; l . Q - 2 . w * P N u ) )  

SHM = DDM / ( 2.0*(1.0 + P N U ) )  
DM = 2.u* >HFI 

VDR = (VEY +DM 1 
VSR = ( v E M  + aHM) 

I F (  J T E S T )  1 0 1 2  9 8 4 1 2  9 1 0 1 2  
1 t i 12  I F (  I - 1 I T 1 )  8 4 1 2 ,  8 4 1 3 ,  8 4 1 6  
8 4 1 3  I F (  J - J T T 1 )  8 4 1 2 ,  5 0 7 9  8 4 1 5  
8 4 1 5  I F (  J - J I I . 2 )  5 ~ 7 ,  5 ~ 7 9  8 4 1 2  
8 4 1 6  I F (  I - I T T 2  ) 8 4 1 3 ,  8 4 1 3  9 8 4 1 2  
8 4 1 2  U X ( I s J , l )  = - b n ( I , J , 3 )  

W Y ( I , J , l )  = -WY(I ,J ,3)  
1 6 3 1 2  A = ( U X ( I - l r J , K )  - 2.b * U A I I ~ J I K )  + u ~ ~ I + l , J , K ) ) / ~ h ~ * * 2 * u )  

I F (  J - J S S l  ) 8 8 l ~ 2 ,  8 8 0 2 9  4 1 0 2  
88G2 GO IO \ 4 1 ~ 2 ,  4 2 w i j  4 3 - 2 1  4 4 - 2 ,  4 5 - 2 9  4 6 - 2 ;  4 7 , 2 ~ 4 8 , 2 ) r  Kb 
4 2 0 2  W Y (  1 , J q K )  = 0.15* i n iY (29J9K)  

GO TO 4 1 0 2  

GO T O  4 1 0 2  

GO IO 41U2 

GO IO 41uZ 

GO T O  4 1 0 2  

4 3 0 2  W Y (  l , J , K )  =Go3 * h 'Y (2 ,JvK)  

44C2 b!Y( ~ ~ J I K )  ~ 0 . 4 5  * WY(2,J,K) 

4 5 3 2  WY( 1 , JvK)  = 0 0 6 C  * k Y ( 2 9 J 9 K )  

4 6 0 2  W Y (  l , J , K )  ~ 0 . 7 5  * ! 4 Y ( 2 9 J p K )  

4 7 6 2  W Y (  1 9 J 9 K )  = d e 9 0  * IclY(2,J,K) 

4 8 0 2  W Y (  1 , J y K )  = W Y ( 2 t J 9 K 1 
4 1 u 2  D = ( w Y ( I + l , J , K )  + n f t I - l r J , K )  -2." * R I \ I I J I ~ ) ) I \ H A * * ~ )  
1 4 0 3  GO T O  ( 4 0 6 ,  5 4 8 4 9  4 0 7  ) 9 J B  

4 0 7  1 I F  ( I - 2 1 5 5 9  9 5 5 5  9 5 4 3 5  
5 4 8 4  I F (  J - J b 4  ) 7 3 4 4  9 5 4 2 4  9 6 4 u 6  
6 4 0 6  I F (  J - J S S  1 5 4 3  9 5 4 3  9 5 4 8  
7 3 4 4  I F  ( I - 2 ) 7 5 4 5  9 7 3 4 5  9 5 4 4  

GO IO 4 1 u 2  

4G7 I F (  J - J I  I 1 4 ~ 7 1  9 4 U 7 1  9 5 4 8 4  
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135 

74 4 
1 

7 4 4 1  
7 4 4  2 

7 4 4 3  
7 4 4 4  
830 

4c:ci6 
1 
2 

4 2 c  2 
1 

8 3  1 
1 

332 
8 4 4  

1 
2 

as5 
1 

2 2 2  
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1 

4 9 4 2  
4 9 4  3 

1 7 h 4  
7 6 4  
7 6 3  

8 7 2 4  
3 4 1 3  
9 4 1 5  
9 4 1 6  

7 2 4  
7 7 2 4  

1 

1 

7 7 2 5  
1 

1 
7 2 7  

3 3 5 7  
3 3 5 8  
3 3 5 5  
3 3 5 1  

3 3 5 2  

7 3  

7 5  
7 3 3  

7 9  

7 4  
7 6  

I N =  1+1 
I N 1  = I - 1 
J N =  J +1 
J N 1  = J - 1 

EEXE A U S F ( E X ( I s J , K )  1 
DDM= AP1+ ( A P Z * E E X ) + (  A P 3 * ( E E X * * 2 ) ) + ( A P 4 * ( E E X * * 3 ) l + ( A P 5 * (  

EEX**4 )  ) + ( A P 6 * ( E k X * * 5 )  ) + ( A P 7 * ( E E X * * 6 ) )  
I F (  DDM) 4 9 4 2 9 4 9 4 2 9 4 9 4 3  

P N U = C P l + ( C P 2 * E E X ) + ( C P 3 + 0 1 + ( C P 4 + ( C P 4 * E E X * ~ 3 ) ~ + ( C P 5 * ( ~ t X * * 4 ) ~  
I F (  PNU ) 7649 7 6 4 ,  1 7 6 4  
I F (  PNU - 0.49) 7 6 3 9  7 6 3 9  764 

DDM= 25. 

PNU = U.49 
VEM=( PNU*DDM)/ ( ( 1 * 0 +  P N U ) * (  1*0-2.O*PNU) 1 
SHM = W M  / ( 2 0 L ) J t t l . ~  + P N b ) )  
DFn = 2 0 n *  SHM 

VDR = (VEM +DM 1 
VSR = (VEM + SHM) 

I F (  J T E S T )  8 7 2 4 9  7 2 4 ,  8 7 2 4  
I F (  I - I T T l  ) 7 2 4 ,  9 4 1 3 7  9 4 1 6  
I F (  J - J T T 1 )  7 2 4 9  7 2 9  9 4 1 5  
I F (  J - J T T 2  ) 7 2 9  7 2  9 7 2 4  
I F (  I - I T T 2  ) 9 4 1 3 9  9 4 1 3  9 7 2 4  
I F (  K - 3 1 7 7 2 4 9  7 7 2 4  9 7 7 2 5  

DELPY = (  - R E Y ( I , J , K ) )  / ( ( - 2 . O * V O R ) * ( ( 1 . 0 /  

DELRY =DELPY * 1 1-2 .U*VOK)* (  \ l.G/ 
(HY**2 ) + ( j t i M / ( V D R * ( H X * # 2 )  1 ) ) )  

(HY+c*2) ) + ( S H M / ( V D R * ( H X * * 2 ) )  1 )  1 
GO TO 7 2 7  

DELPY = (  - R E Y ( I p J 9 K ) )  / ( ( - 2 * O * V D K ) * ( ( l * O /  

D t L R Y  =DELPY * ( ( - 2 * O * V D R ) * (  ( l o o /  

(HY**2 ) ) + ( S H M / ( V D R * \ H x * * 2 )  1 1  I - \RHO/  tH1* *2 )  I 1 ' 

( H Y ~ ~ 2 ) ) + ( 5 H M / ( V D R ~ ~ ~ H ~ * * 2 ) ) ) )  - ( X H O / r H l * * Z ) )  1 
IVY(I ,J,K) = ; n l Y ( I , J , K )  + DCLPY 

i F  ( 1JY ( 1 ,  J 9 K )  3 3 3 8  9 3'352 9 3 3 5 2  
I F (  J - J S 5 1  I 3 3 5 5 9  3 3 5 5 9  3 3 5 2  
1 F (  A B a F (  K Y ( 1 9 J 9 K . ) ) -  /-.L~sF( W Y t I , J - l , K ) ) )  3 3 5 2 9  3 3 5 2 9  3321 

R E Y ( I , J , K ) =  @ e 5 *  K E Y ( I 9 J 9 K )  
In lY(I ,J,K)= k e Y ( I 9 J 9 K )  - DELPY 

I F (  AUSF( R E Y ( I , J , K ) )  TOL 1 3 3 5 2 9  7 2 4 ,  7 2 4  

I F  ( 1 - 2  1 7 3  9 7 3  9 7 5  
R E Y ( I , J , K ) =  R E Y ( l , J , K )  + DELRY 

D E L R Y l  = DELPY*SHM*1 l . U /  \ H A * * 2 )  1 
R E Y ( 1 N  ,J,K)= R E Y ( I N  9 J 9 K )  + D E L R Y l  

GO TO 7 4  
I F  ( I - M X )  7 3 3 9  7 5 9  7 9  

D E L R Y l  = DELPY*SHI?1*( l . i ) /LHX**2))  
R E Y ( 1 N  ,J,K)= R E Y ( I N  9 J 9 K )  + D E L R Y l  
DELRY2 = D E L P Y * S H M * ( l e @ / ( H X * * 2 1 )  
R E Y ( I N l , J , K ) =  R E Y ( I N l , J , K )  + DELRYZ 

GO TO 7 4  
IF ( J -2  1 7 6  9 7 6  9 7 7  

DELRY3 = DELPYJtVDR*((l.O/(HY**Z))-lo0/(2oO*(hY**3))) 
R C Y ( I 9 J N  9 K )  = R E Y ( I 9 J N  , K )  + DELi lY3 

GO T O  7 2  
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77 I F  ( J - J S  I 1 797 I 7 8  I 7 2  
7 9 7  DELRY3 t DELPY*VDR*( ( l *O/ (HY**Z 

R E Y ( 1 s J N  r K )  = R E Y ( I 9 J N  I K )  + 
7 8  DELRY4 t DELPY+VDR*( ( loO/ (HY**Z 

R E Y ( I v J N 1  I K )  = R E Y ( I I J N 1  I K )  + 
7 2  CONTINUE 

DO 8 5  I= 2 9 M X  
DO 8 5  J = J T T I  J S I  

8 7  

8 9  
90 

8 5 5  
5 0 0 3  

8 5  

9 9 9  

I 

I F (  A B S F (  R E Y ( I I J ~ K ) )  - FDY 1 855  I 8 5 5  9 8 7  
I T = I  
J T  = J 
I T E R  = I T E R  +1 

IF( I T E R  - IM) 899 8 9  9 709 
GO TO 80  

P R I N T  94  
GO TO 999 

IF( KOLE) 5 0 ~ 3 ,  85, 5 0 6 3  
P R I N T  9 2  9 IIJIK, REY( I ,J ,K) ,  WY(I ,J IK)  
CONT I NUE 

CONTINUE 
END 

GO TO 7 0 0  

PROGRAM NASA1 9 CEO511159 

NA12 P L A I N  S T R A I N  DYNA'4lC PROt3LEK 
2 7 1 3 9 E + 0 2 - 2 7 2 2 2 E + 0 4  13213E+06- -32679E+07  4 1 6 3 3 E + 0 8 - 2 5 8 5 1 E + 0 9  6 1 3  
2 3 8 7 5 E - 0 2  4 6 7 4 2 E + 0 0 - 1 9 7 7 0 E + 0 2  2 9 8 8 0 E + 0 3 - 1 4 8 4 1 E + 0 4  

2 0  1 1 3 E+OO 1 
1 2  6 4 7  5 4  L+OO 1 8  E+00  5 E -04  1 5 E - 0 2  56  E - 0 1  261  

1 2  E+OO 
1 3 3  E-02 2 6 6  E-02 3 9 9  E-02 5 3 2  E-02 
6 6 5  E-U2 7 9 8  E-02 3 3 1  E-02 1 0 6 4  E-02 

1 1 9 7  E-02 1 3 3 0  E-92 1 4 6 3  E-02 1 5 9 6  E-02 
1 7 2 9  E-02 1 8 6 2  E-G2 1 9 9 5  E-02 2 1 2 8  E-02  
2 2 6 0  E-02 2 3 9 3  E-02 2 5 2 6  E-02 2 6 5 9  E-02 
2 7 9 2  E-02 2 9 2 5  E-02 3 0 5 8  E-02 3 1 9 1  E-02 
3 3 2 4  E-02 3 4 5 7  E-02 3 5 9 0  E-02 3 7 2 3  E-02 
3 8 5 6  E-92 3 9 8 9  E-02 4 1 2 2  E-02 4 2 5 5  E-02 
4 3 8 8  E-02 4 5 2 1  C-02 4 6 5 4  E-02 4 7 8 7  E-02 
4 9 2 0  E-02 5 0 5 3  E-02 5 1 8 6  E-62 5 3 1 9  E-02 
5 4 5 2  E-02 5 5 8 5  E-02 5 7 1 8  E-02 5 8 5 1  E-02 
5 9 8 4  E-02 6 1 1 7  E - ~ 2  6 2 5 0  E-(12 6 3 8 3  E-02 

I 
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Read I d e n t i f i c a t i o n  2 

~ 

3 

60 

Read AP1 - AP7 

Read Cont ro l  
Par  ame t e r s 

and CP1 - CP5 6 
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~ ~ - ~ 1 2  c 0 2  = 0 

to 14 to 13 
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r 

S e t  S p e c i f i e d  S t r e s s e s  
t o  Zero 

. 

14 

9 1  

/ - 
!I 

Read I n p u t  Data 

Uniform Displacements 

11 

- 

ITEST = 0 ? 

Read I n p u t  Data 
Nonuniform 

Displacements 

t o  20 t o  19 
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\ r  

from 16 

from 18 

19 Read I n p u t  Data 
f o r  K=3 on ly  

L A 

P r i n t  Inpu t  
Data 

1 1  

-. 

2 1  
> 

l r  

- - K = 3  
22 

I f  

-I 

S e t  Boundary 
Condit ions 

- 
23 

1' 
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S e t  I n i t i a l  Values o f  

of  Previous T ime  S t a t i o n  
Displacements as Equal t o  Those 24 

From 23 

Do f o r  a l l  i, j 25 

Read I T T 1 ,  I T T 2 ,  1;; J T T l ,  JTT2 

7 

S e t  Zero Displacements 
f o r  ITT1, I T T 2 ,  JTT1 ,  JTT2 

28 

Compute REX, REY I 29 

to 30 
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Do for all i, j 

30 - KTEST = 0 

32 

Print I, J, K, 
UX, WY, REX, REY 

33 KASE = 0 ? 

34 

E n d  of  Do 2 5  

E n d  of  Do 3 2  

To 36 
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----c 

/ 36 I R E X I  - TOL 

Do f o r  all i, j 

1 

r 

- r 

t o  52 37 

P r i n t  I, J, K 
and F i n a l  40 
Residuals  

1 
4 

39 
LTEST = 0 ? 

t o  58 

6 t o  42 
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Compute S t r e s s e s  

from 41 

42 

P r i n t  S t r e s s e s  43 

i = l  
Do f o r  a l l  j 44 

Compute T o t a l  Load 

by Numerical  I n t e g r a t i o n  
on P e n e t r a t i n g  O b j e c t  45 

P r i n t  T o t a l  
Load, ra te  of  

Loading 
46 
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t o  3 

From 36 

Is T o t a l  Load Less o r  

Load a t  K - 1  

47 
Equal  Than P rev ious  T o t a l  Y e s  -L 

5! 
4 
P 
0 
k 
PI 

Ll 
al 
5 
2 
4 

t o  23 

k 
0 w 
a) 
3 
4 
0 

I v3 

K - MTP3 

I 
50 ITEST = 0 - - 

i Read I n p u t  Data  f o r  
Next Time S t a t i o n  

t 

51 

I Do for a l l  i, j 52 
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Liquidate REX Residuals 53 

55 

Do for all i, j 

Compute New Values for REY 

Do for all i, j 
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L i q u i d a t e  REY 

- 

2 a 
59 

h 
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n cn 

2 
V 
N 
W 

cn 
k+ z 
W 
H u 
H 
b4 
Er 
W 
0 u 
z 
0 
H 

2 
8 
2 
W !a 

m 
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h 
u 
(0 

0 w 
m 
0 
rl 
w 
C 
.rl 

E 

a 
C 
m 

U 
a 
a, 

a, 
2 
U 
a 

0 
4-1 

ul 
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C 
4 

rl 
4 

W 

E 

4 

v3 

8 
E-l m z 
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V 

u 
C 
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.rl 

H 
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0 w 
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0 u 
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.rl 
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n 
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3 
H m z 
0 
V 

2 
8 
k 
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@I z 
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m 
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$4 

m 
.d 

C 
0 
.rl 
LI 
(d u 
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2 
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.rl 

(li 

5 
$4 
0 w 
aJ 
3 
rl 
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3 
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d 
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.rl 
U a 
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.rl u 
E 

5 a 
a, 
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m 
a, 
&I 
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2 
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rl 
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P 
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)-I 
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.. 
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.d 

30 
rl 
rl 
0 

4-1 

a, 

5 
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a, 
m m u 
a, 

5 

5 
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d 

.rl c 
3 
0 

I I  H 
v3 
W c-c 
H 

M 
0 w 
U 

2 
A> 
u 

m a 
U 
a 

0 w 
e 
E m 
m 
a, c 
U 

C 
*rl 

U 

; 
0 w 

m 
H 

C 
.d 

2 
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n 

x- c 
U 
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G, 
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5 
U a 
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0 

CW 

m 
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c 
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rl 
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4 

E 
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d 
0 
Lr 
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rl 
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rn 
rn 
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.rl 

n 
m 
aJ 
.rl 
2.r a a 
d 
3 
0 
P 
0) 

5 
0 
U 

U u 
m 
U 
d 
0 u 
w 
0 

a, 
U 
(d w 
k 
3 
m 
a, 

5 
w 
0 

m 
a, 
M a 
m 
a, 

5 
Eo 
k 
w 
m 
a, u 
G 
m 
U 
m 
.d a 
rl 
m 
3 
v 
a, 

a, 

5 
M 
d 
.rl 
d 

.rl 
w 
a, a 

a a 
a, 
k 

m 
.rl 

n 

E 

8 
d 
Q) 
k 
0 w 
Q) 
k 
aJ 

5 
x 
(d 

n 
m 
U 
3 

.rl 

I-( 
0 

a, 
U 
0 
G 

0 
0, 
m 

G 
0 
.d 
U 
m 
U 
m 
a, 

.d 
U 

4 

W 

E 

5 tu 
a, 
U 
a 
a, 
M 
C 
m 
5 

E 
-a 
C 
m 

s 
C 
0 

*VI 
U 
u 
a, 
k 

.VI a 

* 
a, 

AZ 
U 

u 
v) 
k 
.rl 
IM 

al 
5 
k 
0 

W 

m 
.rl 

u 
(d 
A 
P 
v 

G 
0 

.A 
U 
a 
U 
m 

Q) 

.rl 
U 

m 
3 
0 
.rl 
? aJ 
k a 
a, 

E 

5 
k 
0 w 
a, 
G 
0 
5 
v1 
.d 

G 
0 
.d 
U 
3 
rl 
0 
m 
a, 
5 
k 
aJ 
U 
w 
a 
a m 
aJ 
k 

Q) e 
2 

t 
3 
0 

m 
a, 
3 
4 
m 
? 

m 
& 
k 
0 

W 

a 
0) r: 
.d 
(d u 
P 
0 
m 
.d 

d 
0 
.rl 
U 
3 
rl 
0 
m 
Q) 

5 
k 
aJ 
U 
w 
a 
a 
(d 
aJ 
k 

0) 
P 
rl 
rl 
4 
3 

‘CI 
d 
m 

E 
w 
0 

m 
Q) 
3 
rl a 
? 

E 
2 

h 
m 
B 
d 
0 
*rl u 
(d 
4J 
m 
a, 

.A 
U 

E 

I 
P 
0 
k a 
a, u 
(d 
rl a 
a 
m 
.rl 

U 
(d 

5 
v 

0 
k 
a, 
N 

ro 
.I4 

H cn w 
H 
H 
w 
.d 

a 
a, 

a, 
d 

m 
.d 

U 
3 a 
d 
.d 

-8 

Q) 
G 
0 

m 
.A 

a 
aJ a 
aJ 
0) 
G 

m 

(d 
c) 

w 
0 
k 
aJ 
P 

C 

a, 
U a 
U 
m 
m 
.d 

-E 

3 

5 
4 

u 
(d 

0 w 
m 
0 
rl w 
d 

E 

*rl 

u 
3 

H 
4 

CI 
E aJ 
rl 



152 

a 

u 
.rl 

a 
a, a 
a, 
a, 
C 
m 
.d 

U 

0 
G 

-4 

$4 
0 

W 

a, u 
I? 
a, 
a, 
v) 

u $ 4  
5 a ,  

H O  
2 5  

n 

a, 
9 
0 
U 

(I) 
U 
a 
4 
a 
a, 

9 
W 
0 

a, 
M a 
a, 
a, 
G 
0 

$ 
$4 

?4 

a, u 
G a 
U 
m 
.r( a 
a, 
5 
m 
a, c 
*d 
?4 
a, 
a 

-5 
.rl c 
3 
a 
m 
a, 
$4 

m 
.rl 

d 

E 
n 

0 
$4 
a, 
N 

m 
.rl 

H cn 
W 
H 
H 

n 
m 

I1 a 
c, 

W 
*d 

U 
3 a c 
H 

a 
0 
m 

W 
$4 
3 
VI 

I4 
a u 
.d 
U 
$4 
a, > 

0 
l4 
a, 
N 

v) 
*I4 

H cn 
w 

n 

z 
u 
-4 

a, u 
m 
?4 
$4 
3 
rn 
rl 
a 
U 
G 
0 
N 
.rl 
$4 
0 c 
0 
$4 
a, 
N 

0 
U 

U 
a, 
m 
$4 
0 

a 
a, 
.rl 
rcl 
*rl u 
a, a 
ffl 

a, 
l4 
(d 

m 
a, 
m m 
a, 
$4 
U 
m 
a, 
$4 
a, s 
3 
a, u 
m u 
$4 
5 
ffl 

v 

C 

u) 
rl 

C 
.d 

U 
5 

U 
2 

0 
$4 
a, 
N 
G 
0 c 
m 
.rl 

E-r cn w 
E-c 
n 
$4 
0 

a, 
a, 
l4 

5 

5 
e 
m 

n 
n 
0 
$4 
a, 
N c 
0 
G 
m 
4 

H 

k 
0 w 
a, 
U 

6" 
a, 
a, m 
W 

n 
0 
k 
a, 
N 
G 
2 
l4 
0 

0 
$4 
a, 
N 

m 
-4 

H 
cn 
W 
H 
H 

0 
$4 
a, 
N 

m 
.d 

n 

N 

V 
a 

n 

m 
II a 
c, 

G 
a, 

P 
v 

W 

2 
E5 
cn 
z 
0 
cn 
W cn cn 
W 

cn 
Pi 

2 0 
z 
13 
W 
H 
kl 
H 
V w 
pc 
cn 

L1 a a 
k 
0 

W 

m 
0 

W 
C 
.d 

U 
3 a 
C 
H 

I4 

rn 
0 
$4 
a, 
N 

0 
U 

U 
a, m 
m 
a, 
m 
rn 
a, 
l4 
U 
rn 
n 

0 
$4 
a, 
2 
I? 
a, 
$4 
m 

4 
SI 
V 

a 
C 
m 
N 

V 

?4 
.rl 

a 
a, a 
a, 
a, 
C 

(0 
.rl 

U 
3 a 
C 
.d 

0 z 

a 

n 
\o 

U 
5 a 
G 
.rl 

0 



153 

4J 
Lc 
(d 

rn 
.rl 

U 
rn 
Q) 
k 

Q) 

5 
n 

I 
a, u 
(d 
rl 
a 
rn 
.rl a 
W 
0 

F 
n 

5 
W 

rn 
k 
.rl 
(d a 
k 
3 
0 

P-l 

rn 
C 
0 

*I4 
U 
(d 
U 
ffl 

h 
k 
(d a 
C 
3 
0 
P 

U 
(d m 

l-l 
C 
a, 

5 rn 
u 

E 
(d 
k 
bo 
0 
k 
a 

hl 
4 

n 
rl 
rl 

n 

a 
k 
(d u 

u 
(d 
l-l 
a 
rn 
*I4 a 
w 
0 

a 
k 
(d u w 

0 

rn 
U 

Iu 
0 

M 
C 
.rl 
k 
a, 
P 

C 

a, 
5 
n 

C 
(d 
k 
u 

a 
(d 
a, 
k 

a, 
k 
(d 

rn 
U 
C 
a, 
E 
a, 
0 
(d 
4 

k 
0 rn 

a, 
3 
rl 
(d 
3 
C 
a, 

5 
0 
rl 

rn 
.rl 

rn 
U 
C 
a, 

k 
V 
C 

.ri 

tJ 

a, 
k 
a, 
.c 
3 

l-l 
a m 
.rl a 
4 

a, 

c 
0 a, 

5 
C 
0 

(d 
3 
[r 
a, U 

a, 4 
U 
(d 
U 
rn 

2 
.rl 
U 

k 
3 
0 w 

rl 
0 
0 

a, 
k 
(d 

rn 
.rl 

rn 
U 
(d 

5 
a, 
k 
(d 

a 
rn 
.rl a 
w 
0 

U 
a, 
rn 

0 
\D 

ffl 
a, 
.rl a 
3 

a 
a, a 
3 
rl 
u r: 
.d 

U 
v 0 

U 

h 
k 
(d a 
E: 
=I 
0 
P 

u 
0 
0 0 

rl a, 
d 
0 

a, 

.rl 
U 

E a 
k 
(d u 

0 
U 

M 
C 

0 
U n 

a, 

5 
C 
0 

b 

n 
a 
k a 
u 
u 
rn 
k 
.rl 

i 
rl 

0 
k a 

e 

a 
k 
.rl 

5 
w 
.rl 

a c 
0 a 
ffl 
a, 
k 
k 
0 u 

a 
a, a 
a, 
a, 
C 

ffl 
a, a 
2 

a, 

5 
n 
h 
k 
(d a 
C 
3 
0 e 

a, 
U 
(d 
4 w a r n  

k 
a, 

0 
5 

C 

a 
(d 

n 0 
rn d 

0 
a 
k 
(d u 

C 
0 

a, 

5 
k 
0 
Iu 

d 
0 

a, 
k 
(d 

U 
(d 

0 w 
e 

n 

m + 
H c 

U 
(d 

a, 
C 
0 a 

a, a 
5 
l-l 
u 
C 
.rl 

\D 

0 
U 

m 

U 
(d 

rn 
U 
d 
a, 

tJ 
u 
(d 
rl 
a 
rn 
4 
a 

C 
.rl 5 

5 
5 
0 
k 

a 
a, 
U 

.rl 
U 
(d 
U 
rn 

C 
.rl 

ffl a 
C 
a, 

a 
C 
(d 

0 

k 
w 
rn 
U 
k 
(d 
U 
rn 

m 
0 
4 
W 
C 
.rl 

U 

B 
*rl  
U 

k 
(0 
rl 
3 
V 
.rl 
U 
k 
(d 
a 
(d 

U 
(d 

rl 
a 
rn 
*rl a 

a 
k 
(d u 
a 
k 
.rl 

5 

C 
.rl 

z" 
a, 
5 C 

0 
.rl 
U 
(d 
U 
rn 

n 

(d 

(d a 
U 

.rl 

a, 
k 
(d 

-2 
td 
P 
U 
%I 
a, 
rl 

4 

rn 
a, 
N 
*rl 

-8 
h 
0 U 

3 a 
d 

B 
.rl 
U 

C 
0 H a, 



154 

I 
a, u a 
d a 
rn 
.rl a 

E 
0 w 
.d e 
3 
C 
6" 
v 

0 
k 
a, 
N 
c 
0 c 
m 
.rl 

b 
m 
W 
b z 
0 
II w 
v; w 
E-l 
H 

n 

W 

E 
a, 
e 
0 
k 
a 
a, 
d 
a 
4 
a 

h 
k 
a a 
C 
3 
0 
P 

a, 

I-- 

n 

5 
U 
a 
m 
U 
c 
a, 
E a, u 
a 
4 
a 
m 
.d 
a 

m 
U 
a a 

3 a 
c 
H 

U 

a, 

5 
c 
0 

a) a 
0 c 

4 a 
a, 

k 
0 w 
U 
a 
5 
m 
.d 

a, u 
c 
a, 
Ll 
a, 
W 
4-1 
.rl 
a 
a, 
5 

n 

a 
a, 
(0 
3 
m 
.rl 

rl 
rl 

.rl 

m 
a 
U 
a 
E 
k 
0 

4-1 

a, s 
m 
a, c w 

h 
h 
k 
a a c 
3 
0 
P 
a, 

5 
U 
a 
m 
U 

a, 
E 

a, 
k 
0 w 
a, 
k 
a, 
5 

n 

a 
k 
a u 
a, 
c 
0 

%I 

5 
3 
0 
k 

a 
a, 
U 
U 
3 a 
.rl 

a, 
k 
a 
m 
k 
.rl 
a 
a 
k 
3 
0 

W 

c u 
a 
W 

a a 
a, 
k 

m 
.rl 

U 
a, 
m 
M 
c 
.rl a c 
0 a 
m 
a, 
k 
$4 
0 u 
m 
U 
.rl 

n 

a, u 
a 

4-1 
Ll 
5 
m 

U 
U 
a 
U 
d 
0 
0 

U u a 
U 
C 
0 u 
a, 
5 
C 
0 

m 
Q) a 
0 e 
w 
0 
k 
a, n 

a, 

5 

4 
m 
4 

.rl c 
3 
h 
rl 

si c 
W 

0 
U 

4 
a 
5 
tr 
a, 

m 
.d ' 

m a 
k 
a 
0 

4-1 
0 

Ll 
a, n 

2 
a, 
4 

n 

c 
0 
.rl 
U 
a 
U 
m 
a, 

*rl 
U 

E 

5 
a 
a, 

k 
0 

4-1 

n 
7-l 

II 
WJ rn 
+J 

-2 
a 

La 
II 
rl + w 
5: 

m 

n 

$: 

5i 
I1 

W 
*d 

0 
v) 

u 
U 
Q) 

c 
0 
.d 
U 
m 
U 
m 

n 

2 
.d 
U 

U 
X 
a, 
C 
a, 
22 
U 

k 
0 
rcl 

a 
a, a 
a, 
a, 
c 
m 
.rl 

a 
k 
a 
0 

d 

8 

5 

5: 

k 
a, 

0 

m 

a, 
0 
a w 
k 
3 
m 

n 

h( 

a 
C 
a 
d 

m 
$ 
d 
P 
0 
k a 
$4 
0 w 
d 
7 '  
W 

m 
v) 
9 

a, a 
6" 

2 

M 

.rl 

k u 
m 
a, a 
m 
U 
e 
a, 

u 
a 
d 
a 
m 
-4 
a 
w 
0 

m 
k 
.d 
a a 
k 
3 
0 

4-1 

h 
k 
k 
a u 
d 
rl 
.d 
3 
a 
k 
a u 
u 
m 
Ll 
.rl 
W 

a, 

B 

5 

5 
c 
a, 

k 
a, n 
El e 
a, 
6 a 
rn 
a, 
5 
rn 
a, 
?-I 
k 
k 
(0 u 

2 
a u 
a 
0 u 
a, 
m 
a, 

el 

n 
\o 

a c 
m 
In 
m 

$ 
rl e 
0 
k a 
k 
0 
W 

rl 

rl 
+ 
5 
n 

4 

a 
a 
m 
m 
B 
rl e 
0 
k a 
k 
0 

W 

d 

t+ 

s 
c 
a 

n 
a 
QJ 

3 
r( u 
C 
.d 

m 
2 
0 
& 

YI 

Eo 
k 

W 

n 
U 
e 
a, 

u 
a 
4 
a 
m 
.rl a 
W 
0 

c 
0 
.rl 
U 
a 
-4 
k u 
m 
a, a 
k 
0 

4-1 

a, 
k 
0 
+I 
a, 
k 
a, 

B 

5 

$3 

n 

d 

m 
9 

a, a 
6" 
50 
C 
.d e 
.rl 
k 
u 
m 
a, a 
O 
k 
.rl 
a a 
w 
0 

rn a 
k a 
0 

w 
0 
k 
a, e 
5 c 
d 
a 
U 
0 

4J 

a, 
5 
a, 
k 
0 
W 
a, 
k 
a, 
8 
rl 
m 
v3 
c, 

I1 
d 

k 
a, 
a 
0 e 
a, 

5 
M 
r: 
.rl 
P 
.d 
$4 
V 
m 
a, a 
a, r: 
0 

u 
m 
a 
4 

a, 
5 
n 

a 
a, a 
a, 
a, 
C 

a, 
k 
a 
m a 
k 
a u 
X 
4 

E 

rl 
A t 
*d 0 0 

0 
3 4 J  



155 

n 

r( 
.La 
0 
h 
a 
a, 
bD a 
a, 
3 
Fc 
0 

U 
m 
& 
v 

E-c 
rn 
W 
E-c 
H 

0 

N z 
l2 
zo 
E-r 
3 
G z 
H 



156 

rl + 
b4 

0 
U 

M 
d 
.d 

0 a 
m 
a, 
1-I 
1-I 
0 u 
a 
a, 
U 
U 
5 a 
C 
.A 

a, 
P 

0 
U 

a, 
? 
((I 
s 

3 

!i 
a 
$2 
m 

z 
w 
0 

m 
a, 
5 
rl 
(d 
2 

8 
2 

n 
0 
h 
a, 
N 
C 
0 
C 
m 

.Ti 

H 
m 
W x 
W 

E-c 
3 
PI z 
H 

4 

CI 
2 

- 
r( 

t 
1-I 
0 

W 

c 
0 
.rl 
U 
3 
rl 
0 
m 
m 
r: 

. I 4  
m 
U 
.a 
0 

0 
U 

e 

A4 
c 
0 
.d 
U 
m 
U 
m 
k 
0 w 
a, 
U 
0) 
rl 
a 

u 
m 
.d 

c 
0 
.d 
U 
5 
1-I 
0 m 
a, 
b0 
m u 
m 
m 
.rl 

2 

3 
u 
(d 

m 
1-I 

U 
3 a 
C 
.d 

3 
.d 
3 
a, 
k 
(0 a 

u 
v 
Eo 

% 
m 
a, 
1-I 
0 

W 

m 
U c 
aJ 

v 
0 

7 4  

a 
m 
-d a 
+I 
0 

m 
k 
.I4 
m a 

a 
k 
((I 
0 

a, 
C 
0 

c 
0 

a 
(D 
a, 
k 

a, 
k 
m 

8 

h 

!l 
a 
C 
m 

2 
n a m 
a, 
k 
a, 

0 
U 

n 

2 

z 
x 

s 

m 

E 
E 
C 

c1 
v) 
m 
l-l 

aJ c 
H 

hl 

& 
k 
0 
W 

m 

30 
rl 
I4 
0 

W 

U 
a, 
m 

k a 

0 
5 

& 
n 
d 

k 
0 w 
m 
4 

U 
a, 
v1 

m 
.rl 

i2 
m 
rl 

U 
3 
a c 
.d 

0 u 
k m 
1-I 
.rl 
E 

-rl 
m 

E 
k 
0 w 
C 
.rl 

a a 
a, 
1-I 
a, 
1-I 
m 
aJ a 
0 
C 

!2 
w 
H 
H 

0 
1-I 
Q) 
N 

k 
0 w 
U 
3 a a 
.d 

7-4 

$ c 
0 
U 

rl 
m 

a, 

m 
.d 

m a 
k 
m 
0 

W 
0 

k 
aJ e 
E 
3 
51; 

?@ 

m + 
H c 
ll  

M 

k 
0 w 
a, e 
d 
1-I 
-4 
3 
U 
aJ 
m 

& 
e 
E 
I < 
P 
U 
t 

t 

.f 
I 
I 
c 



REFERENCES 

1. Allen,  D . ,  Re laxa t ion  Methods, M c G r a w - H i l l  Book Company, I n c . ,  1954. 

2 .  Barkan, D. ,  Dynamics o f  Bases and Foundations (Trans la ted  from Russian 
by L. Drashevska) McGraw-Hill Book Company, I n c . ,  1962. 

3 .  Ghazzaly, O . ,  and Dawson, R . ,  "Laboratory Stress-Deformation Character-  
i s t i c s  of  S o i l s  Under S t a t i c  Loading," a r e p o r t  t o  Nat ipna l  Aeronaut ics  
and Space Adminis t ra t ion ,  Langley Research Center ,  Hampton, V i r g i n i a ,  
January,  1966. 

4. Hildebrand,  F. , "Advanced Calculus  f o r  Appl ica t ions ,"  pp 464. Englewood 
C l i f f s ,  N.  J . ,  P ren t i ce -Ha l l ,  I n c . ,  1964. 

5. H i l l ,  R. , "The Mathematical Theory o f  P l a s t i c i t y , "  Oxford, Clarenden 
P r e s s ,  1950. 

6. Hodge, P . ,  "An I n t r o d u c t i o n  t o  t h e  Mathematical Theory o f  P e r f e c t l y  
P l a s t i c  S o l i d s , "  Providence, R. I. Graduate P i v i s i o n  of  Applied 
Mathematics, Brown Univers i ty ,  1950. 

7. Horadam, J . ,  "Low Ve loc i ty  Response o f  P l a t e s ,  Cones, and Spheres During 
Hor izonta l  P e n e t r a t i o n  i n t o  Sand," Unpublished Mas te r ' s  Thes is ,  
Austin:  The Un ive r s i ty  of  Texas, January,  1968. 

8 .  Hustad, P. A . ,  and Cox, W. R . ,  I tForce-Penetrat ion C h a r a c t e r i s t i c s  o f  a 
Sand Hor i zon ta l ly  Penet ra ted  by P l a t e s ,  Cones, and Sphe r i ca l  Segments," 
a r e p o r t  t o  Nat iona l  Aeronaut ics  and Space Adminis t ra t ion ,  Langley 
Research Center ,  Hampton, V i r g i n i a ,  May, 1968. 

9. Jauazemes, W . ,  "Continuum Mechanics," The MacMillan Company, New York, 
1967. 

10. Novozhilov, V . ,  "Foundations o f  t h e  Nonlinear Theory o f  E l a s t i c i t y , "  
(Trans la ted  from t h e  1st (1948) Russian ed. by F. Bagemihl, H. Komm, 
and W. S e i d e l ) .  Rocheeter,  N. Y . ,  Gray Lock P r e s s ,  1953. 

11. P i e r c e ,  B . ,  "A Shor t  Table  o f  I n t e g r a l s , "  (Revised by F o s t e r ,  R . ) ,  
Ginn and Company, 1956. 

12.  Reiner ,  M. ,  " E l a s t i c i t y  Beyond t h e  Elast ic  L i m i t , "  h e r .  J. of  Math., 
70, 433, (1948). 

157 


